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Summary. This chapter is concerned with distance problems for linear time-invariant differential and differential-algebraic equations. Such problems can be formulated as distance
problems for matrices and pencils. In the first part, we discuss characterizations of the distance of a regular matrix pencil to the set of singular matrix pencils. The second part focuses
on the distance of a stable matrix or pencil to the set of unstable matrices or pencils. We
present a survey of numerical procedures to compute or estimate these distances by taking
into account some of the historical developments as well as the state of the art.

1 Introduction
Consider a linear time-invariant differential-algebraic equation (DAE)
E ẋ(t) = Ax(t) + f (t),

x(0) = x0 ,

(1)

with coefficient matrices E, A ∈ Rn×n , a sufficiently smooth inhomogeneity f : [0, ∞) → Rn ,
and an initial state vector x0 ∈ Rn . When E is nonsingular, (1) is turned into a system of
ordinary differential equations by simply multiplying with E −1 on both sides. The more interesting case of singular E arises, for example, when imposing algebraic constraints on the
state vector x(t) ∈ Rn . Equations of this type play an important role in a variety of applications, including electrical circuits [55, 54] and multi-body systems [48]. The analysis and
numerical solution of more general DAEs (which also take into account time-variant coefficients, nonlinearities and time delays) is a central part of Volker Mehrmann’s work, as witnessed by the monograph [43] and by the several other chapters of this book concerned with
DAEs/descriptor systems. A recurring theme in Volker’s work is the notion of robustness, as
prominently expressed in the papers [2, 33].
This survey is concerned with distance measures that provide robust ways of assessing
properties for (1). Before moving on with DAEs, let us illustrate the basic idea in the simpler
setting of numerically deciding whether a given matrix A ∈ Rn×n is singular. In the presence
of roundoff error and other uncertainties, this problem is ill-posed: Square matrices are generically nonsingular and therefore the slightest perturbation very likely turns a possibly singular
matrix into a nonsingular matrix. It is more sensible to ask whether A is close to a singular
matrix. In the absence of additional information on the uncertainty, this naturally leads to the
problem of finding the smallest perturbation ∆ A ∈ Rn×n such that A + ∆ A is singular:
δ (A) := min{k∆ Ak : A + ∆ A is singular}.
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It is well known that this distance to singularity coincides with σmin (A), the smallest singular
value of A, when choosing the matrix 2-norm k · k2 or the Frobenius norm k · kF for k∆ Ak.
Note that σmin (A) is the reciprocal of kA−1 k2 , the (relative) 2-norm condition number of
matrix inversion. This witnesses a more general relation between the condition number of a
problem and its distance to ill-posedness [16]. The quantity δ (A) is robust in the sense that
it is only mildly affected by perturbations of A. To see this, consider a (slight) perturbation
e that arises, e.g., due to roundoff error. By the triangular inequality it holds
A 7→ A

e ≤ δ (A) + A
e− A .
e− A ≤ δ A
δ (A) − A
Such a robustness property holds more generally for all the distance measures discussed here.
In this survey, we will focus on distance measures for two of the most important properties of a DAE (1). The matrix pencil sE − A associated with (1) is called
– regular if its characteristic polynomial s 7→ det(sE − A) is not identically zero;
– stable if all finite eigenvalues of sE − A are contained in C− , the open left complex halfplane .
Regularity guarantees the existence of a unique (classical) solution of the DAE for all consistent initial values [59]. On the other hand, the stability of sE − A is equivalent to asymptotic
stability of the homogeneous DAE (1) with f (t) ≡ 0 [17].
Numerically verifying the regularity and stability of a given pencil is a challenge; none
of the straightforward approaches is guaranteed to remain robust under uncertainties in E and
A. This motivates considering the distance of a given regular or stable pencil to the set of
singular or unstable pencils, respectively. Then one needs to devise algorithms for computing
these distances or, at least, reliable and effective bounds. As we will see below, this is by no
means trivial.

2 The Distance to Singularity of a Matrix Pencil
In this section we will discuss the distance of a given regular matrix pencil to the nearest
singular matrix pencil, that is, a matrix pencil with vanishing characteristic polynomial. To
our knowledge, such a notion of distance was first introduced and discussed by Byers, He,
and Mehrmann [15]. Letting R[s] denote the ring of polynomials with coefficients in R, the
distance to singularity of a matrix pencil sE − A is given by
 

∆ E ∆ A F : s(E + ∆ E) − (A + ∆ A) ∈ R[s]n×n is singular .
δ (E, A) := min
As explained in [15], explicit formulas for δ (E, A) can be obtained for special cases, for
example when n ≤ 2 or E, A are scalar multiples of each other. Such explicit formulas are
not known for the general case and, even worse, devising a numerical method for computing
δ (E, A) or bounds thereof turned out to be an extremely difficult problem. Since the publication of [15], almost no progress has been made in this direction.
In view of the definition, one might attempt to check (nearby) singularity by inspecting
the magnitudes of the coefficients of det(sE − A). This attempt is futile for most practical
applications, because the polynomial coefficients exhibit a wildly different scaling as n increases except for very particular situations, e.g., when all eigenvalues are (almost) on the
unit circle. To obtain more meaningful measures, one therefore needs to consider other characterizations for the singularity of a pencil. In the following, we will discuss several such
characterizations and their relation to δ (E, A).
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2.1 Distance to Singularity and Structured Low-Rank Approximation
The Kronecker structure of sE − A is intimately related to the ranks of certain block Toeplitz
matrices constructed from E, A; see [9] for an overview. Specifically, let us consider


A
E A



 . .

Wk = Wk (E, A) :=  . . . .  ∈ R(k+1)n×kn .
(2)



E A
E
It can be shown that sE − A is a regular pencil if and only if Wk (E, A) has full column rank
for all k = 1, . . . , n. Setting
 

∆ E ∆ A F : rankWk (E + ∆ E, A + ∆ A) < nk ,
γk := min
it therefore holds that
δ (E, A) = min γk = γn ,
1≤k≤n

(3)

where the latter equality follows from the observation that the rank deficiency of Wk implies
the rank deficiency of W` for all ` ≥ k.
By (3), computing δ (E, A) is equivalent to finding a structured perturbation that makes
Wn rank deficient. Having wider applicability in signal processing, systems and control, such
structured low-rank approximation problems have attracted quite some attention recently;
see [45] for an overview.
To proceed from (3), one needs to replace the rank constraint by a simpler characterization. Clearly, the matrix Wk (E + ∆ E, A + ∆ A) is rank deficient if and only if there exist
vectors x1 , . . . , xk ∈ Rn , not all equal to zero, such that
 
x1
A+∆A
 x2 
E + ∆ E A + ∆ A
 

 x3 

..
..
   = 0.

.
.
 . 


E + ∆ E A + ∆ A   .. 
E +∆E
xk


Hence, we obtain the outer-inner optimization problem
 

∆ E ∆ A F : Wk (E + ∆ E, A + ∆ A)x = 0 .
γk = min fk (x),
fk (x) = min
x∈Rkn
x6=0

(4)

(5)

Its particular structure implies that (4) is equivalent to




∆ E ∆ A Zk = − E A Zk



with


0 x1 x2 . . . xk−1 xk
Zk =
.
x1 x2 x3 . . . xk 0

(6)

This shows that the inner optimization problem in (5) is a standard linear least-squares prob

lem, admitting the explicit solution fk (x) = E A Zk Zk† , where Zk† denotes the MooreF
Penrose pseudoinverse of Zk . Thus,


γk = min E A Zk Zk† F
x∈Rkn
x6=0
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and, consequently,
δ (E, A) = min min
1≤k≤n

x∈Rkn
x6=0



E A Zk Zk†

F

= min
n2

x∈R
x6=0



E A Zn Zn†

F

.

(7)

This so called variable projection least-squares problem can, in principle, be addressed by
standard nonlinear optimization methods. Such an approach bears two major obstacles: (a)
There may be many local minima. (b) The sheer number of variables (n2 for k = n) restricts
the scope of existing optimization methods to fairly small values of n.
Although the obstacles mentioned above have not been overcome yet, significant progress
has been made in the availability of software for structured low-rank approximation problems.
Specifically, the SLRA software package [46] covers the block Toeplitz structure of the matrix
Wk and can hence be used to compute γk . We have applied this software to all examples
from [15]. For the matrix pencil

 

0 1/ε
1 1/ε
sE − A = s
−
0 1
0 1
and ε = 10−1 , the value γ2 = 0.0992607 . . . returned by SLRA approximates the true value
of δ (E, A) up to machine precision. This nice behavior is also observed for smaller values of
ε until around 10−7 , below which SLRA signals an error.
For other examples from [15], SLRA seems to deliver local minima only or exhibits very
slow convergence. For the 8 × 8 matrix pencil arising from the model of a two-dimensional,
three-link mobile manipulator [15, Example 14], SLRA returns:
γ1
γ2
γ3
γ4
γ5
γ6
γ7
γ8
0.0113 0.0169 0.0171 0.0277 0.0293 0.0998 0.0293 0.6171
These values do not reflect the fact that the exact value of γk decreases as k increases. This
clearly indicates a need to further explore the potential of SLRA and related software for
computing δ (E, A).

2.2 Distance to Singularity and Block Schur Form
For orthogonal matrices Q, Z ∈ Rn×n we consider the equivalence transformation

 

A A
E E
QT (sE − A)Z = s 11 12 − 11 12 ,
A21 A22
E21 E22
where we partitioned the transformed pencil such that sE11 − A11 ∈ R[s]k−1×k and sE22 −
A22 ∈ R[s]n−k+1×n−k for some 1 ≤ k ≤ n. The perturbation s∆ E − ∆ A defined by

 

0 0
0 0
QT (s∆ E − ∆ A)Z := s
−
−E21 0
−A21 0
yields
QT (s(E + ∆ E) − (A + ∆ A))Z = s


 

E11 E12
A A
− 11 12 .
0 E22
0 A22

Since sE11 − A11 and sE22 − A22 are rectangular, and thus singular,
the perturbed
pencil


s(E + ∆ E) − (A + ∆ A) is singular as well. Partitioning Q = Qk−1 Qn−k+1 ∈ Rn×n and


Z = Zk Zn−k ∈ Rn×n conformally, the de-regularizing perturbation satisfies
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∆E ∆A

F

=

 T

Qn−k+1 EZk QT
n−k+1 AZk

F

5

.

Minimizing over all perturbations constructed as described above leads to the following
minimax-like characterization [15, Sec. 4.2]:
δ (E, A) = min

1≤k≤n

n 

T
QT
n−k+1 EZk Qn−k+1 AZk

F

:

o
n×k
Qn−k+1 ∈ Rn×n−k+1 , QT
, ZkT Zk = Ik .
n−k+1 Qn−k+1 = In−k+1 , and Zk ∈ R

(8)

Computing δ (E, A) via this characterization amounts to solving n optimization problems over
Stiefel manifolds. Again, the possible presence of many local minima and the O(n2 ) degrees
of freedom limit the usefulness of this characterization. A related idea was considered in [62]
for computing the distance to the nearest uncontrollable system.

2.3 Lower and Upper Bounds for the Distance to Singularity
As discussed above, the characterizations (3) and (8) are of limited applicability for computing δ (E, A). It is therefore of interest to develop inexpensive lower and upper bounds,
partially based on these characterizations.
Lower bound from singular values of Wk . A first lower bound proposed in [15] uses
the matrix Wk defined in (2). Let s∆ E − ∆ A be a minimum norm de-regularizing perturbation
of sE − A. Then Wk (E + ∆ E, A + ∆ A) is rank-deficient for some k ≤ n, and the inequalities
√
σmin (Wk (E, A)) ≤ Wk (∆ E, ∆ A) F = kδ (E, A)
hold for this particular value k. Consequently,
σ (W (E, A))
σmin (Wn (E, A))
√
= min min √k
≤ δ (E, A).
n
1≤k≤n
k

(9)

To obtain a reliable lower bound, one needs to evaluate σmin (Wk (E, A)) for k = n, as its value
can decrease by many orders of magnitude when increasing from k to k + 1, see [15, Subsec
5.1]. However, the computation of the smallest singular value of the (k + 1)n × kn-matrix
Wk (E, A) gets increasingly expensive as k increases. For example, inverse iteration applied
to WkTWk requires O(k · n3 ) operations and O(k · n2 ) storage for the factorization of WkTWk ,
assuming its block tridiagonal structure is exploited.
Lower bound from one-parameter optimization. Another lower bound [15, Subsec
5.2] is obtained from the observation that α0 (E + ∆ E) − β0 (A + ∆ A) is singular for all scalars
α0 , β0 ∈ C if the pencil s(E + ∆ E) − (A + ∆ A) is singular. It follows that
q


σmin (α0 E − β0 A) ≤ α0 ∆ E − β0 ∆ A F ≤ |α0 |2 + |β0 |2 ∆ E ∆ A F .
Defining
n
o
SF := (α, β ) ∈ F × F : |α|2 + |β |2 = 1 ,
we therefore obtain
max σmin (αE − β A) ≤

(α,β )∈SR

max σmin (αE − β A) ≤ δ (E, A).

(10)

(α,β )∈SC

The first inequality is particularly suitable when E, A are real and amounts to minimizing
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g(t) := −σmin (sin(t)E − cos(t)A),

t ∈ [0, π].

Well-known properties of singular values imply that g is piecewise smooth and Lipschitzcontinuous. An efficient algorithm tailored to such a situation is described in [49]. The lower
bounds (10) have been observed to be rather tight [15].
Upper bound from common
null space. A simple upper bound is derived from the



E +∆E
following observation. If rank
< n or if rank E + ∆ E A + ∆ A < n, then the pencil
A+∆A
s(E + ∆ E) − (A + ∆ A) is singular. Thus,

 



E
δ (E, A) ≤ min σmin
, σmin E A
,
(11)
A
which becomes an equality for n = 1 or n = 2.
Upper bound from generalized Schur form. The (real) generalized Schur form [23,
Thm. 7.7.2] states that sE − A ∈ R[s]n×n can be reduced to quasi-triangular form by an orthogonal equivalence transformation:


sE11 − A11 . . . sE1m − A1m


..
..
QT (sE − A)Z = 
(12)
.
.
.
sEmm − Amm
The diagonal blocks sEii − Aii are either 1 × 1 (corresponding to a real eigenvalue, an infinite eigenvalue or a singular block) or 2 × 2 (corresponding to a pair of complex conjugate
eigenvalues).
e := s(E + ∆ E) − (A + ∆ A) becomes singular when any of the diagonal
Obviously, sEe − A
e
e
blocks sEii − Aii in its generalized Schur form becomes singular. This directly gives the upper
bound

 



Eii
δ (E, A) ≤ min δ (Eii , Aii ) = min min σmin
, σmin Eii Aii
,
Aii
1≤i≤m
1≤i≤m
where we used (11).
Upper bound from singular values and vectors of Wk . Let us come back to the leastsquares problem (7), which implies
δ (E, A) ≤



E A Zk Zk†

F

≤



E A Zk

F

Zk†

F

for any 2n × (k + 1) matrix Zk of the form (6), defined via vectors x1 , . . . , xk ∈ Rn . We make a
T
particular choice of Zk by considering the partitioning x = x1T . . . xkT of a (right) singular
vector x ∈ Rkn belonging to σmin (Wk ). The structure of Wk implies that Wk x is the vectorization of E A Zk , and therefore


E A Zk F = kWk xk2 = σmin (Wk ).
This gives the upper bounds
δ (E, A) ≤



E A Zk

F

Zk†

F

≤ σmin (Wk )/σmin (Zk ),

which are valid for every k = 1, . . . , n. In [15], it is noted that the choice of k is critical for this
bound, since it might only be relatively tight for one k. As discussed above, the computation
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of the smallest singular value and the corresponding singular vector gets expensive, if k and/or
n are not small.
In [15], further upper bounds are presented which we do not summarize here. Moreover,
several examples show that none of the bounds presented above is tight for all examples.
A computationally attractive way to determine or estimate δ (E, A) thus remains an open
problem.
The presentation above focused on real matrices with real perturbations. Up to minor
modifications, all developments directly extend to complex matrices with complex perturbations.

2.4 Semi-Explicit DAEs
The consideration of general unstructured perturbations ∆ E, ∆ A may become inappropriate
when more information on the uncertainty in the coefficients E, A if a DAE (1) is available.
For example, for the special case of linear semi-explicit DAEs, the pencil sE − A takes the
form


 
I 0
A A
− 11 12 .
sE − A = s r
A21 A22
0 0
Since there is little reason to admit perturbations in the fixed matrix E, it makes sense to
consider the modified distance to singularity given by

δ0 (E, A) := min k∆ AkF : sE − (A + ∆ A) ∈ C[s]n×n is singular .
(13)
At least in principle, it is straightforward to incorporate such linear constraints on the perturbation structure into the structured low-rank approximation framework of Section 2.1.
However, it turns out that more can be said about (13).
By [61, Lem. 2.2.26], the matrix pencil sE −A is regular if and only if the (n−r)×(n−r)
rational matrix G(s) := A21 (sIr − A11 )−1 A12 + A22 has full normal rank. Trivially, sIr − A11
has full normal rank for all A11 ∈ Rr×r and, consequently, a de-regularizing perturbation is
characterized by one of the properties




A + ∆ A12
< n − r or rank A21 + ∆ A21 A22 + ∆ A22 < n − r.
rank 12
A22 + ∆ A22
In other words we obtain

 



A12
δ0 (E, A) = min σmin
, σmin A21 A22
.
A22
This improves a result from [15], where such a statement has been shown only for the case
that r = 1 or r = n − 1.

2.5 Low-Rank Perturbations
A rather different way of imposing structure is to constrain the perturbations to be of low
rank. This leads to the concept of rank-(κE , κA ) distance to singularity proposed in [47]:
δκE ,κA (E, A) := min

 

∆E ∆A

F

: ∆ E, ∆ A ∈ Cn×n ,

rank ∆ E ≤ κE , rank ∆ A ≤ κA , s(E + ∆ E) − (A + ∆ A) is singular .
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Here, κE , κA are supposed to be (much) smaller than n and we consider the complex case
because it is the more natural setting for the developments below.
Low-rank perturbations naturally arise in situations when only a few entries of E and
A are subject to uncertainties. Another motivation to consider δκE ,κA (E, A) arises from the
suspicion that the low dimensionality of the manifold of rank-constrained matrices could
help reduce the cost of nonlinear optimization methods for computing this distance.
Following [47], we now focus on δ0,1 (E, A), that is, E is not perturbed at all and A is
subject to rank-1 perturbations:

sE − A + τuvH
(14)
with u, v ∈ Cn \ {0} and a nonzero scalar τ ∈ C determining the perturbation level. It is
assumed that sE − A itself is not singular, and therefore Λ (E, A), the set of (finite) eigenvalues
of sE − A, does not coincide with C. We define the rational function Q : C \ Λ (E, A) → C by
Q(s) := vH R(s)u,

R(s) = (sE − A)−1 .

Because of





det sE − A − τuvH = 1 − τQ(s) det sE − A = τ τ −1 − Q(s) det sE − A ,
a scalar s ∈ C \Λ (E, A) is an eigenvalue of (14) if and only if τ −1 = Q(s). Thus, the perturbed
pencil (14) becomes singular if and only if τ −1 − Q(s) vanishes on C \ Λ (E, A). Since Q(s)
is a meromorphic function on C with at most n poles, the latter condition is equivalent to
τ −1 = Q(s0 ),

0=

∂j
Q(s)
∂sj

for an arbitrary fixed s0 ∈ C \ Λ (E, A). Note that

,

j = 1, 2, . . . , n,

(15)

s=s0

∂j
Q(s) = vHC j (s)u
∂sj

with

C j (s) := R(s)(ER(s)) j .
The smallest τ for which (15) holds gives the distance to singularity for fixed choices of
u, v. Optimizing with respect to these vectors finally yields
δ0,1 (E, A) = min

n

vH R(s0 )u

−1

: u, v ∈ Cn , kuk2 = kvk2 = 1,
o
vHC j (s0 )u = 0, j = 1, . . . , n

(16)

for arbitrary fixed s0 ∈ C \ Λ (E, A); see also [47, Thm. 7]. The constraints in (16) can be
expressed as


0 = tr vHC j (s0 )u = tr uvHC j (s0 ) = C j (s0 ), vuH .
In other words, the matrix vuH is orthogonal to all matrices C j (s0 ) with respect to the matrix
inner product h·, ·i. Equivalently, it holds that

⊥
vuH ∈ D := span C1 (s0 ), . . . , Cn (s0 )
⊂ Cn×n .
It turns out that the space D does not depend on the particular choice of s0 . Summarizing
these developments, we arrive at
n
o
−1
δ0,1 (E, A) = min tr(GR(s0 ))
: GH ∈ D, rank G = 1, kGkF = 1 ;
(17)
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see [47, Thm. 13] for more details.
A difficulty in the nonconvex optimization problem (17) is that the two constraints
GH ∈ D and rank G ≤ 1 need to be satisfied simultaneously. On the other hand, each of
the two constraints individually constitutes a matrix manifold for which an orthogonal projection can be easily computed. This suggests the use of an alternating projection method on
manifolds [44]. Starting from G0 = R(s0 ) (or another suitable choice), the method proposed
in [47] constructs the iteration

H
G2k+1 := ΠD GH
, G2k+2 := Ψ (G2k+1 ), k = 0, 1, . . . ,
(18)
2k
where ΠD is the orthogonal projection on the linear space D and Ψ is the orthogonal projection on the manifold of matrices having rank at most 1 (which is simply a rank-1 truncation).
It is shown in [47, Prop. 38] that if the sequence (18)
 converges to a matrix G 6= 0 then G has
rank one and the pencil sE − A + tr(GR(s0 ))−1 G is singular. General results on alternating
projection methods can be applied to study the local convergence behavior of (18).
The paper [47] also extensively covers the distance to singularity of a Hermitian matrix
pencil under Hermitian rank-1 perturbations.

3 The Distance to Instability
In this section we turn to the problem of computing the distance to instability, sometimes also
referred to as the stability radius, and closely related problems.

3.1 The Distance to Instability and Hamiltonian Matrices
The problem of computing the distance to instability in its simplest form is formulated for an
ODE system
ẋ(t) = Ax(t)
(19)
with A ∈ Rn×n . The distance to instability is the smallest norm of a perturbation ∆ such that
at least one eigenvalue of A + ∆ does not have negative real part. If A itself is not stable, this
distance is clearly 0. Assuming that A is stable, this distance satisfies
n
o
rFk·k (A) : = min k∆ k : Λ (A + ∆ ) ∩ C+ 6= 0/ for ∆ ∈ Fn×n

= min k∆ k : Λ (A + ∆ ) ∩ iR 6= 0/ for ∆ ∈ Fn×n .
The appropriate choice of the field F ∈ {R, C} for the entries of ∆ depends on the application.
As pointed out in [58, Chapter 50], one should work with complex perturbations, even for a
real matrix A, when attempting to draw conclusions about the transient behavior of (19). On
the other hand, if one is interested in stability robust to uncertainties in the entries of a real
matrix A then clearly F = R is the preferred choice. Since R ⊂ C it holds that
k·k
k·k
rC
(A) ≤ rR
(A).

The norm for measuring the perturbations in the definition of rk·k (A) is usually chosen as
F
k·k = k·k2 or k·k = k·kF . The choice between these two norms has, at most, a limited impact
on the distance to instability. As we will see below, there are always minimal perturbations
that have rank 1 (for F = C) or rank 2 (for F = R). Thus,
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rk·k2 (A) = rk·kF (A),
C

rk·k2 (A) ≤ rk·kF (A) ≤

C

R

R

√ k·k
2 r 2 (A).
R

In the following, we will therefore simply write rC (A).
The papers [60, 35] were among the first to consider the distance to instability and established
rC (A) = min σmin (iωIn − A).
(20)
ω∈R

This result is constructive and gives rise to a minimal perturbation of rank 1, which is obtained from the singular vectors belonging to σmin (iωIn − A) for the optimal value of ω. The
characterization (20) is intimately related to the eigenvalues of the Hamiltonian matrix


A −αIn
H (α) :=
∈ R2n×2n .
(21)
αIn −AT
In [14, 34], it is shown that α ≥ rC (A) if and only if H(α) has at least one purely imaginary eigenvalue. Based on this result, Byers [14] proposed a bisection method that adapts
the value of α by checking whether any of the eigenvalues of H (α) are purely imaginary.
This algorithm converges globally and is robust to roundoff error, provided that a structurepreserving algorithm for the Hamiltonian matrix H (α) is used. As summarized in Chap.
1 by Bunse-Gerstner and Faßbender, the development of such algorithms is another central
theme of Volker Mehrmann’s work. We also refer to [4] for an overview and [1, 3] for the
corresponding software.

3.2 The H∞ Norm and Even Matrix Pencils
The results discussed in Section 3.1 have been extended into several different directions. One
particularly important extension is concerned with the computation of the H∞ norm for linear
time-invariant control systems of the form
E ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

(22)

where sE − A ∈ R[s]n×n is assumed to be regular, B ∈ Rn×m , and C ∈ R p×n . Moreover, u :
[0, ∞) → Rm is an input control signal and y : [0, ∞) → R p is a measured output signal.
The transfer function of (22) is given by G(s) = C(sE − A)−1 B + D and maps inputs to
outputs in the frequency domain. We assume that G(s) is analytic and bounded in C+ , for
which a sufficient condition is that Λ (E, A) ⊂ C− and all infinite eigenvalues are geometrically simple. For such transfer functions, the H∞ norm is defined as
kGkH∞ := sup σmax (G(s)) = sup σmax (G(iω)),
s∈C+

(23)

ω∈R

where σmax denotes the largest singular value of a matrix.
Comparing (23) with (20), we obtain kGkH∞ = 1/rC (A) for the special case that E =
B = C = In and D = 0. To relate to the practically more relevant case of general B, C, we have
to extend the notion of distance to instability and consider the structured complex stability
radius [36, 37] given by
n
o
rC (A, B,C) : = min k∆ k2 : Λ (A + B∆C) ∩ C+ 6= 0/ for ∆ ∈ Cm×p
(24)

= min k∆ k2 : Λ (A + B∆C) ∩ iR 6= 0/ for ∆ ∈ Cm×p .
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This generalization accounts for perturbations of the system that have a feedback structure
(that is, y(t) = ∆ u(t)) and thus assesses the robustness of stability with respect to external
disturbances.
Provided that A is stable, it holds [36] that
(
1/rC (A, B,C) if G(s) 6≡ 0,
kGkH∞ =
(25)
∞
if G(s) ≡ 0,
with G(s) = C(sIn − A)−1 B. In other words, a small H∞ norm corresponds to a large robustness of stability of the system. The definition of the structured complex stability radius
has been further generalized to cover D 6= 0 [38, Sec. 5.2] or E 6= In [18, 17, 8]. However, in
both cases the definition and interpretation of the structured complex stability radius becomes
more cumbersome. For D 6= 0, the radius does not depend on the perturbations in an affine
but in a linear fractional way. The case E 6= In requires to carefully treat infinite eigenvalues
and to account for perturbations that make the pencil sE − A singular.
The most reliable methods for computing the H∞ norm are based on the following extension of the connection between rC (A) and the Hamiltonian matrix (21) discussed above;
see [11, 10, 12] for E = In and [5] for general E. Provided that α > infω∈R σmax (G(iω)), the
inequality kGkH∞ ≥ α holds if and only if the even matrix pencil
0 −sE T − AT −CT
 sE − A
0
0
sE − A (α) := 
 −C
0
αI p
0
−BT
−DT



0
−B 
 ∈ R[s]2n+m+p×2n+m+p
−D 

(26)

αIm

has purely imaginary eigenvalues. Such pencils are closely related to skew-Hamiltonian/Hamiltonian pencils, for which structure-preserving algorithms are discussed in Chap. 1 by
Bunse-Gerstner and Faßbender; see [6, 7] for recently released software. By additionally
exploiting eigenvalue and, optionally, eigenvector information, methods based on (26) can be
implemented such that they converge globally quadratically or even faster [22].
The structured real stability radius rk·k2 (A, B,C) with respect to the matrix 2-norm is
R
defined as in (24), but with the perturbation restricted to stay real: ∆ ∈ Rm×p . It turns out
that the computation of rk·k2 (A, B,C) is more difficult compared to rC (A, B,C). Provided that
R

G(s) = C(sIn − A)−1 B is analytic and bounded in C+ , the celebrated expression
rk·k2 (A, B,C) =
R




sup inf σ2

ω∈R γ∈(0,1]

−1
Re(G(iω)) −γ Im(G(iω))
Im(G(iω)) Re(G(iω))

1
γ

(27)

holds [53], where σ2 denotes the second largest singular value of a matrix. Again, this characterization is constructive in the sense that a minimal rank-2 perturbation can be constructed
from singular vectors. The inner optimization problem in (27) is unimodal [53], implying
that every local minimum is a global minimum and thus allowing for reliable and efficient
numerical optimization. For the outer optimization problem, a numerical method similar to
the stability radius and H∞ norm computation is devised in [56].
The definition and computation of robust stability measures for linear delay DAEs is
surveyed in Chap. 19 by Linh and Thuan.
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3.3 The Distance to Instability and Pseudospectra
The approaches discussed above have been designed for relatively small problems and it is
by no means clear that they can be well adapted to large-scale problems. This is mainly
because of the lack of an efficient large-scale algorithm for deciding whether a Hamiltonian
matrix or an even matrix pencil has purely imaginary eigenvalues; see [41] for a more detailed
discussion.
Recent work by Guglielmi and Overton [31] has initiated the development of novel algorithms that are based on pseudospectra and appear to be more suitable for large-scale problems. Moreover, as we will see in Section 3.6 below, the framework offers much more flexibility for incorporating structure.
Given a matrix A ∈ Rn×n and ε > 0, we consider the ε-pseudospectrum

ΛεF,k·k (A) := λ ∈ C : λ ∈ Λ (A + ∆ ) for some ∆ ∈ Fn×n , k∆ k < ε
for F ∈ {R, C} and a matrix norm k·k (usually k·k = k·k2 or k·k = k·kF ). The pseudospectrum
grows as ε increases; see Figure 1 for an illustration.
−1
3
−2
2
1

−3

0

−4

−1

−5

−2
−6
−3
−7
0

1

2

3

Fig. 1. Contour lines of the pseudospectrum ΛεC,k·k2 (A) for the so called Grcar matrix and ε = 10−1 , 10−2 , . . . , 10−7 .
Black crosses denote eigenvalues and the
black vertical line denotes the pseudospectral abscissa for ε = 10−4 .

Basic idea. By definition, the distance to instability for a stable matrix is the smallest
value of ε for which the ε-pseudospectrum touches the imaginary axis. In terms of the εpseudospectral abscissa

α F,k·k (ε, A) := sup Re(λ ) : λ ∈ ΛεF,k·k (A) ,
this means that ε = rk·k (A) satisfies
F

α F,k·k (ε, A) = 0.

(28)

Hence, once we have an efficient method for evaluating the quantity α F,k·k (ε, A), root finding
algorithms can be used to determine rk·k (A).
F
Computation of the ε-pseudospectral abscissa. In a large-scale setting, one benefits
F,k·k
from the fact that every element of Λε
(A) can be realized by a low-rank perturbation. In
particular, for complex pseudospectra we have
ΛεC (A) : = ΛεC,k·k2 (A) = ΛεC,k·kF (A)

= λ ∈ C : λ ∈ Λ (A + ∆ ) for some ∆ ∈ Cn×n , rank ∆ = 1, k∆ k < ε ;
see [58] for this and many other properties of pseudospectra. The procedure proposed in [31]
attempts to construct a sequence of perturbation matrices ∆k := εuk vH
k with uk 2 = vk 2 =
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1 for k = 1, 2, . . ., such that one of the eigenvalues of A + ∆k converges to the rightmost point
of the ε-pseudospectrum. The following standard eigenvalue perturbation result is instrumental in determining these perturbations.
Lemma 1 ([57]). Let M0 , M1 ∈ Rn×n , t ∈ R, and consider the matrix family M(t) = M0 +
tM1 . Let λ (t) be an eigenvalue of M(t) converging to a simple eigenvalue λ0 of M0 with
corresponding right and left eigenvectors x0 , y0 ∈ Cn for t → 0. Then yH
0 x0 6= 0 and λ (t) is
analytic near t = 0 with
yH M x
dλ (t)
= 0H1 0.
dt t=0
y0 x0
For the initial perturbation ∆1 = εu1 vH
1 one computes the rightmost eigenvalue λ0 of A (assuming that it is simple) with corresponding right and left eigenvectors x0 , y0 ∈ Cn . The
eigenvectors are normalized such that yH
0 x0 > 0, a property that is called RP-compatibility
in [31]. Then for A1 (t) := A + tεu1 vH
with
an eigenvalue λ1 (t) converging to λ0 for t → 0
1
we obtain



H
y 2 x0 2
Re yH
dλ1 (t)
0 u1 v1 x0
Re
=ε
≤ε 0 H
.
(29)
H
dt t=0
y0 x0
y0 x0
Equality in (29) holds for u1 = y0 / y0 2 and v1 = x0 / x0 2 , i.e., this choice yields the
maximal local growth of the real part of λ0 . For all subsequent perturbations, consider the
matrix family


H
H
Ak (t) := A + εuk−1 vH
k−1 + tε uk vk − uk−1 vk−1 , k = 2, 3, . . . ,
which constitutes rank-1 perturbations of norm ε for t = 0 and t = 1. Assume that Ak (t) has
an eigenvalue λk (t) converging to a (simple) rightmost eigenvalue λk−1 of A + ∆k−1 = A +
n
H
εuk−1 vH
k−1 for t → 0. Moreover, let xk−1 , yk−1 ∈ C with yk−1 xk−1 > 0 be the corresponding
right and left eigenvectors. Analogously to (29) we obtain




H
H
Re yH
dλk (t)
k−1 uk vk − uk−1 vk−1 xk−1
Re
=ε
dt t=0
yH
x
k−1 k−1

H
yk−1 2 xk−1 2 − Re yH
k−1 uk−1 vk−1 xk−1
≤ε
.
(30)
yH
x
k−1 k−1
Again, equality in (30) is achieved for the choice uk = yk−1 / yk−1 2 and vk = xk−1 / xk−1 2 .
As a consequence, the whole process of computing the pseudospectral abscissa consists of
computing the rightmost eigenvalue of a matrix with corresponding right and left eigenvectors, constructing an optimal rank-1 perturbation by using these eigenvectors and repeating
this procedure for the perturbed matrix until convergence. In [31] is is shown that this procedure is a fixed point iteration converging to a locally rightmost point of the ε-pseudospectrum
(under a weak regularity assumption). A major weakness is that we cannot ensure to find
a globally rightmost point and thus, at least in principle, only find a lower bound for the
ε-pseudospectral abscissa. However, numerical examples reported in [31] indicate that this
bound often attains the exact value.
Connection to low-rank dynamics. The above procedure is an iterative scheme on the
manifold of rank-1 perturbations having norm ε. This naturally leads to the question whether
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there exists a continuous path of such matrices converging to the desired optimal perturbation.
Indeed, this question has a positive answer [27, 28]. Consider the differential equations

 

i
u̇(t) = Im u(t)H x(t)y(t)H v(t) + In − u(t)u(t)H x(t)y(t)H v(t),
2
(31)

 

i
v̇(t) = Im v(t)H x(t)y(t)H u(t) + In − v(t)v(t)H x(t)y(t)H u(t),
2
where x(t) and y(t) are the right and left eigenvectors of unit norm with y(t)H x(t) > 0 corresponding to the rightmost eigenvalue λ (t) of the matrix A + ∆ (t) := A + εu(t)v(t)H . It has
been shown in [27] that if λ (t) is simple and smooth, it will tend to a locally rightmost point
of the ε-pseudospectrum for t → ∞. In fact, the iteration discussed above corresponds to the
explicit Euler method applied to (31). Of course, other, potentially faster and adaptive methods can be used to discretize (31), a major advantage of the continuous formulation apart
from its elegance.
Computation of the distance to instability. Now that we know how to efficiently determine α C (ε, A) for a fixed value of ε, we apply a root-finding algorithm to the nonlinear equation (28) in ε, in order to determine ε∗ = rC (A). In practice, Newton and Newton-bisection
schemes turned out to be effective for this purpose [24, 8]. Let λ (ε) be the rightmost point
of ΛεC (A) with the corresponding optimal perturbation matrix ∆ (ε) := εu(ε)v(ε)H . Furthermore, let x(ε) and y(ε) be the corresponding right and left eigenvectors of A + ∆ (ε) with
kx(ε)k2 = kx(ε)k2 = 1 and y(ε)H x(ε) > 0. Suppose that the rightmost point of ΛbεC (A) is
unique for a given b
ε . Then λ (·) is continuously differentiable at b
ε and
dλ (ε)
dε

=
ε=b
ε

1
.
y(b
ε )H x(b
ε)

We thus have the ingredients for a Newton method to determine the root ε∗ of (28):
εk+1 = εk − y(εk )H x(εk )α C (εk , A).
Acceleration. The iterative procedures discussed above for computing α C (ε, A) and
rC (A) can be accelerated. In [42], subspace acceleration techniques for both quantities were
proposed for which, under certain mild conditions, locally superlinear convergence was
proven. In practice, these subspace methods exhibit a quite robust convergence behavior,
their local convergence is observed to be even locally quadratic, and they can be much faster
than the methods from [31, 24]. However, it is currently not clear how these methods can be
extended to the more general situations discussed below. The vector extrapolation techniques
from [51, 52], which sometimes achieve similar speedups, do not have this drawback.
Real pseudospectra. One of the beauties of the presented framework is that it seamlessly extends to real pseudospectra. In the real case, the corresponding perturbations have
rank 2 and, consequently, the dynamical system (31) needs to be replaced by appropriate
rank-2 dynamics. Such dynamics have been proposed and analyzed in [29], both for the
matrix 2-norm and the Frobenius norm, yielding efficient algorithms for α R,k·k2 (ε, A) and
α R,k·kF (ε, A). These results are used in [30] to design Newton-type algorithms for the computation of rk·k2 (A) and rk·kF (A).
R

R

3.4 The H∞ Norm and Spectral Value Sets
The basic ideas from Section 3.3 can be generalized in a direct manner to structured complex
stability radii rC (A, B,C) with B ∈ Rn×m and C ∈ R p×n . Instead of ΛεC (A), one has to consider
structured complex pseudospectra of the form
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ΛεC (A, B,C) = λ ∈ C : λ ∈ Λ (A + B∆C) for some ∆ ∈ Cm×p , k∆ k < ε .
By (25), this yields an approach for computing the H∞ norm of a transfer function G(s) =
C(sIn − A)−1 B with a possibly large n. However, in order to extend this to transfer functions
G(s) = C(sIn − A)−1 B + D with nonzero D one has to consider much more complicated
pseudospectral structures (called spectral value sets in [38]), given by
n


ΛεC (A, B,C, D) = λ ∈ C : λ ∈ Λ A + B∆ (I p − D∆ )−1C
o
for some ∆ ∈ Cm×p , k∆ k < ε .
As shown in [24], such spectral value sets can again be realized by rank-1 perturbations,
allowing for an extension of the algorithms discussed above. A further extension has been
made in [8] for transfer functions of the form G(s) = C(sE −A)−1 B+D. There, an embedding
of the the original control system into system of larger dimension is used to eliminate D which
drastically simplifies the analysis of the algorithm. However, one has to consider structured
pseudospectra of a matrix pencil instead of a matrix. Special care must be taken of possible
perturbations of the infinite eigenvalues or perturbations that make the pencil singular. In [8]
further improvements have been made with regard to the choice of the eigenvalues to follow
during the computation of the pseudospectral abscissa. In particular, it is important to not
only consider the location of the eigenvalues but also their sensitivity with respect to the
perturbation structure. This is related to the concepts of controllability and observability of
the underlying control system (22).

3.5 The Implicit Determinant Method
Another class of algorithms goes back to Freitag and Spence [19]. For the determination of
the complex stability radius rC (A) of a stable matrix A ∈ Rn×n this approach again makes
use of a spectral characterization involving the Hamiltonian matrix H (α) defined in (21),
however in a completely different way. Denote by α∗ the smallest value of α such that H (α)
has a purely imaginary eigenvalue iω∗ , that is,

H (α∗ ) − iω∗ I2n x∗ = 0
for some eigenvector x∗ ∈ C2n . This value of α∗ coincides with rC (A) and ω∗ is an optimal
frequency according to (20). Due to the spectral symmetry of H (α∗ ), the eigenvalue iω∗
generically forms a Jordan block of dimension two, which will be assumed throughout this
section.
Motivated by related methods for determining bifurcation points in parameter-dependent
nonlinear systems, the basic idea of [19] consists of setting up a (well-conditioned) system of
two nonlinear equations for which (ω∗ , α∗ ) is a regular solution. For this purpose, a normalization vector c ∈ C2n is chosen such that cH x∗ 6= 0. Then the genericity assumption implies
that the bordered matrix




H (α) − iωI2n J c
0 In
M (ω, α) :=
with J =
H
−In 0
c
0
is nonsingular at (ω∗ , α∗ ) and hence it is also nonsingular for all pairs (ω, α) in a neighborhood of (ω∗ , α∗ ). Thus, for all such pairs the linear system of equations
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H (α) − iωI2n J c x(ω, α)
0
=
H
f (ω, α)
1
c
0

(32)

has a unique solution. By Cramer’s rule it holds
f (ω, α) =

det(H (α) − iωI2n )
.
det(M (ω, α))

In particular, f (ω, α) = 0 is equivalent to det(H (α) − iωI2n ) = 0. From the algebraic properties of the eigenvalue iω∗ it follows [19, Lem. 4(a)] that ∂ f (ω∗ , α∗ )/∂ ω = 0. In summary,
(ω∗ , α∗ ) is a solution of the nonlinear system


f (ω, α)
0 = g(ω, α) :=
.
(33)
∂ f (ω, α)/∂ ω
Moreover, it can be shown [19] that this solution is regular. Hence, Newton’s method applied
to 0 = g(ω, α) converges locally quadratically to (ω∗ , α∗ ).
To implement Newton’s method, we need to evaluate g(ω, α) and its Jacobian, which
amounts to evaluating first- and second-order derivatives of f (ω, α). By differentiating the
relation (32), it turns out that all these derivatives can be computed by solving four linear
systems with M (ω, α). Having these derivatives computed at the kth iterate (ωk , αk ), the
next iterate of Newton’s method is determined by first solving the 2 × 2 linear system



∂ f (ωk , αk )/∂ ω
∂ f (ωk , αk )/∂ α
∆ ωk
= −g(ωk , αk ),
∂ 2 f (ωk , αk )/∂ ω 2 ∂ 2 f (ωk , αk )/∂ ω∂ α ∆ αk
and subsequently setting

   

ωk+1
ωk
∆ ωk
:=
+
.
αk+1
αk
∆ αk
Numerical examples in [19] show the effectivity of this method. Since only a few linear
systems have to be solved, it also has potential for large-scale systems. Similarly as for the
pseudospectral approach, the method is only guaranteed to converge locally and it may converge to a solution of (33) that is different from (ω∗ , α∗ ). However, the situation is less bleak
in practice; numerical results reveal that the method often converges to the correct solution
for the initial values proposed in [19]. As discussed in [32], there is always the possibility to
check whether H (α∗ ) has purely imaginary eigenvalues, but this global optimality certificate
may become too expensive for large-scale systems.
As discussed in [21], the described algorithm can be extended in a rather straightforward
manner to H∞ norm computations, even for the general case of descriptor systems. For this
purpose, one only needs to replace the (1, 1)-block in M (ω, α) by a Hamiltonian matrix
Af(α) − iω Ee that can be derived from the even pencil sE − A (α) in (26); see also [61].
The extension to the real 2-norm stability radius proposed in [20] is more involved. As
a basis, the 4 × 4 Hamiltonian matrix constructed in [56] instead of the 2n × 2n Hamiltonian matrix H(α) needs to be used. Moreover, the bordered matrix M (ω, α) is needs to be
replaced by a matrix in three variables M (ω, α, γ) due to the fact that one has to optimize
in (27) over two parameters ω and γ instead of ω only.

3.6 Structured Distances and Variations
In this section, we briefly discuss existing work on structured distances to instability for
structures beyond the real perturbations and fractional perturbations (related to linear control systems) considered above. Dealing with such structures is by no means simple, even
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the (usually simpler) problem of the structured distance to singularity, also called structured
singular value, often poses great difficulties; see [40] for summary. A notable exception are
complex Hamiltonian perturbations, for which an expression based on a unimodal optimization problem, not unlike the one in (27), can be derived [39]. This is discussed in more detail
in Chap. 8 by Bora and Karow, which also covers Volker’s work on Hamiltonian perturbations.
The lack of simple characterizations for structured singular values complicates the development of efficient algorithms that guarantee global optimality, like Byers’ bisection method,
for structured distances to instability. In contrast, it is fairly straightforward to incorporate
structure in the pseudospectra-based algorithms from Section 3.3. This is because finding a
structured perturbation that is optimal in first order is a much simpler than finding a globally
optimal perturbation. Considering Lemma 1, the former problem amounts to determining a
structured perturbation ∆ with k∆ k ≤ ε such that the real part of yH
0 M1 x0 becomes maximal.
For the Frobenius norm, this optimization problem has an explicit solution in terms of the
orthogonal projection of x0 yH
0 onto the set of structured matrices, which becomes particularly
simple in the usual situation when this set is a subspace or a manifold. To be able to address
large-scale problems, one needs to restrict the obtained iteration to low-rank matrices, that
is, one needs to develop a structured extension of the dynamical system (19). This part is
significantly more challenging and has been addressed for (complex and real) Hamiltonian
matrices [25], Toeplitz matrices [13], and symplectic matrices [26] so far.
Apart from structure preservation, the flexibility of pseudospectra-based algorithms is
also also witnessed by several recent extensions, for example, to nonlinear eigenvalue problems [50] and to the regularization of solvent equations discussed in Chap. 3 by Lin and
Schröder.

4 Summary and Conclusions
Distance measures are not only useful for quantifying the impact of uncertainty on properties of dynamical systems, they also lead to mathematically very interesting and challenging
problems. They touch upon a diversity of current topics, including structured low-rank approximation, eigenvalue optimization, and low-rank dynamics. Despite the fact that distance
measures are a classical topic in numerical linear algebra and control, significant progress
has been made in incorporating structure and dealing with large-scale problems for robust
stability calculations. On other topics, less progress has been made; in particular, the reliable estimation of the distance to the nearest singular matrix pencil remains a widely open
problem.
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