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Descriptor system
We discuss descriptor systems of the form

Eẋ(t) = Ax(t) + B1w(t) + B2u(t), x(t0) = x0,

z(t) = C1x(t) + D11w(t) + D12u(t),
y(t) = C2x(t) + D21w(t) + D22u(t),

where E ,A ∈ R`,n, Bi ∈ R`,mi , Ci ∈ Rpi ,n, and Dij ∈ Rpi ,mj for
i , j = 1,2.

. x(t) ∈ Rn is the state vector,

. u(t) ∈ Rm2 is the control input vector,

. w(t) ∈ Rm1 is an exogenous input.

. y(t) ∈ Rp2 contains measured outputs, and

. z(t) ∈ Rp1 is a regulated output or an estimation error.
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Why descriptor systems ?

Descriptor systems provide a unified framework for the
modeling, analysis, simulation and control of coupled dynamical
systems (continuous and discrete time).
. Automatic modeling leads to DAEs. (Constraints at interfaces).
. Conservation laws lead to DAEs. (Conservation of mass,

energy, momentum).
. Coupling of solvers leads to DAEs (discrete time).
. Control problems are DAEs (behavior).
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Preliminaries I

Let λE − A be a matrix pencil with E ,A ∈ Rn,n.
. Then λE − A is called regular if det(λE − A) 6= 0 for some
λ ∈ C.

. For regular pencils, generalized eigenvalues are the pairs
(α, β) ∈ C2 \ {(0,0)} for which det(αE − βA) = 0.

. If β 6= 0, then the pair represents the finite eigenvalue
λ = α/β.

. If β = 0, then (α, β) represent the eigenvalue infinity.
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Preliminaries II

Theorem (Weierstraß canonical form.)

For a regular matrix pencil λE − A, there exist matrices
Wf ,Vf ∈ Rn,nf , W∞,V∞ ∈ Rn,n∞ so that W =

[
Wf W∞

]
,

V =
[

Vf V∞
]

are square and invertible, with

W T EV =

[
W T

f
W T
∞

]
E

[
Vf V∞

]
=

[
Inf 0
0 N

]
,

W T AV =

[
W T

f
W T
∞

]
A

[
Vf V∞

]
=

[
Af 0
0 In∞

]
,

Af ∈ Rnf ,nf is in real Jordan canonical form and N ∈ Rn∞,n∞ is a
nilpotent matrix in Jordan canonical form.

We call nf ,n∞ the number of finite or infinite eigenvalues, and
the index of nilpotency of N the index of the system.
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Deflating subspaces
Definition

. A subspace L ⊂ Rn is called deflating subspace for the pencil
λE − A if for a matrix XL ∈ Rn,k with full column rank and
imXL = L there exist YL ∈ Rn,k , RL ∈ Rk ,k , UL ∈ Rk ,k such that

EXL = YLRL, AXL = YLUL.

. A deflating subspace L of λE − A is called stable
(semi-stable) if all finite evs of λRL − UL are in the open
(closed) left half plane.

. Let J =

[
0 In
−In 0

]
, where In is the n × n identity matrix. A

subspace L ⊂ R2n is called isotropic if xTJ y = 0 for all
x , y ∈ L. An isotropic subspace with dimL = n is called
Lagrangian.
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Solution spaces
In the Weierstrass canonical form set

Bi,f = W T
f Bi , Bi,∞ = W T

∞Bi , Ci,f = CiVf , Ci,∞ = CiV∞, i = 1,2.

Classical solutions take the form x(t) = Vf xf (t) + V∞x∞(t),
where xf and x∞ satisfy

ẋf (t) = Af xf (t) + B1,f w(t) + B2,f u(t),
Nẋ∞(t) = x∞(t) + B1,∞w(t) + B2,∞u(t).

If the pencil λE − A has index ν, then this system has the explicit
solution

xf (t) = eAf (t−t0)xf (t0) +

∫ t

t0
eAf (t−τ) (B1,f w(τ) + B2,f u(τ)) dτ,

x∞(t) = −
ν−1∑
i=0

d i

dt i N i (B1,∞w(t) + B2,∞u(t)) .
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Descriptor vs. standard systems

. The initial condition x∞(t0) is restricted.

. If the index is larger than 1, then the solution will depend on
derivatives of the input u and the disturbance w .

. For the closed loop system to be stable, the controller has to
be designed so that both xf and x∞ are asymptotically stable.
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Necessary properties of the system
Definition
Further, let T∞,S∞ be matrices with im T∞ = ker ET and
im S∞ = ker E .
i) The triple (E ,A,B) is called finite dynamics stabilizable if

rank[λE − A,B] = n for all λ ∈ C+;
ii) (E ,A,B) is impulse controllable if rank[E ,AS∞,B] = n;
iii) (E ,A,B) is strongly stabilizable if it is both finite dynamics

stabilizable and impulse controllable;
iv) The triple (E ,A,C) is finite dynamics detectable if

rank[λET − AT ,CT ] = n for all λ ∈ C+;
v) (E ,A,C) is impulse observable if rank[ET ,AT T∞,CT ] = n;
vi) (λE − A,C) is strongly detectable if it is both finite dynamics

detectable and impulse observable.
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Classical linear quadratic optimal control

Special case w = 0, B2 = B, C2 = C, D = 0.
Minimize the cost functional

∫ ∞

0
xT Qx + 2uT Sx + uT Ru dt

( with Q = QT and R = RT ) subject to

Eẋ = Ax + Bu, x(0) = x0

y = Cx
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Necessary conditions
Theorem (M. 91)

Suppose that the system is strongly stabilizable and strongly
detectable. Let u∗ define the minimal solution and let x∗ be the
corresponding trajectory. Then there exists a costate function
µ(t) ∈ Cn, such that x∗(t), µ(t),u∗(t) satisfy the boundary value
problem:

L(x , µ,u) =

 0 −ET 0
E 0 0
0 0 0

 ẋ(t)
µ̇(t)
u̇(t)


−

 CT QC AT CT S
A 0 B

ST C BT R

 x(t)
µ(t)
u(t)

 = 0

with boundary conditions x(t0) = x0, ETµ(T ) = 0.

General situation, linear variable coefficients, nonlinear, arbitrary
index, see Kunkel/M. 06.

Structured pencils and control 14 / 61



Even pencil/Selfadjoint operator

The associated matrix pencil

L(λ) = λN −M = λ

 0 −ET 0
E 0 0
0 0 0

−
 CT QC AT CT S

A 0 B
ST C BT R


is called an even pencil, since
L(λ) = λN −M = (−λ)(−NT )−MT = LT (−λ).
The (formal) differential-algebraic operator L(ξ) = N ξ̇ −Mξ is
self-adjoint in the bilinear form

(ξ, φ) =

∫ T

t0
ξTφdt

with appropriate spaces.
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Optimal feedback control

. If the even pencil L(λ) = λN −M is regular and of index 1, if
rank E = r , and if there exists a generalized Lagrangian
subspace associated with the closed left half plane
eigenvalues, then the optimal control is as in the classical
case a feedback control acting only on the dynamical part.

. If E is invertible and R is singular then the index of L(λ) is
bigger than 1, then either a reformulation/remodeling of the
system (index reduction) is necessary.

. If E is singular then the cost function itself is not important but
the part of M in the kernel of N.

. In general there is no Riccati equation.
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Reduced Euler Lagrange equations
If E and R are invertible then we have the equivalent reduced
Euler-Lagrange system[

ẋ
µ̇

]
=

[
F G
H −F T

] [
x
µ

]
, x(0) = x0, µ(∞) = 0,

with the Hamiltonian matrix[
F G
H −F T

]
:=

[
E−1(A− BR−1S) E−1BR−1BT E−T

Q − SR−1ST −(E−1(A− BR−1S))T

]
.

. In this case, theoretically one can go via Riccati equations.

. Even pencils generalize Hamiltonian matrices.

. The even pencil has Hamiltonian spectrum plus some extra
infinite eigenvalues or singular parts.

. For higher order systems even matrix polynomials.
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Descriptor system

Recall the descriptor systems of the form

Eẋ(t) = Ax(t) + B1w(t) + B2u(t), x(t0) = x0,

z(t) = C1x(t) + D11w(t) + D12u(t),
y(t) = C2x(t) + D21w(t) + D22u(t),

where E ,A ∈ R`,n, Bi ∈ R`,mi , Ci ∈ Rpi ,n, and Dij ∈ Rpi ,mj for
i , j = 1,2.
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H∞ control I
. The space Hp,m

∞ consists of all Cp,m-valued functions that are
analytic and bounded in the complex half plane
C+ = {s ∈ C : Re (s) > 0}.

. For F ∈ Hp,m
∞ the H∞-norm is given by

‖F‖∞ = sup
s∈C+

σmax(F (s)),

where σmax(F (s)) denotes the maximal singular value of the
matrix F (s).

. ‖F‖∞ is used as a measure of the worst case influence of the
disturbances w on the output z, where in this case F is the
transfer function mapping noise or disturbance inputs to error
signals.

. Here only the square case ` = n.
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H∞ control II
Definition (The optimal H∞ control problem)

Determine a controller (dynamic compensator)

Ê ˙̂x(t) = Âx̂(t) + B̂y(t),

u(t) = Ĉx̂(t) + D̂y(t)

with transfer function K (s) = Ĉ(sÊ − Â)−1B̂ + D̂ such that the
closed-loop system that is given by

Eẋ(t) = (A + B2D̂Z1C2)x(t) + (B2Z2Ĉ)x̂(t) + (B1 + B2D̂Z1D21)w(t),

Ê ˙̂x(t) = B̂Z1C2x(t) + (Â + B̂Z1D22Ĉ)x̂(t) + B̂Z1D21w(t),

z(t) = (C1 + D12Z2D̂C2)x(t) + D12Z2Ĉx̂(t) + (D11 + D12D̂Z1D21)w(t)

with Z1 = (Ip2 − D22D̂)−1 and Z2 = (Im2 − D̂D22)
−1, is internally

stable, and the closed-loop transfer function Tzw(s) from w to z
satisfies Tzw ∈ Hp1,m1

∞ and is minimized in the H∞-norm.
Structured pencils and control 21 / 61



Modified optimal H∞ control.

Definition (The modified optimal H∞ control problem.)

let Γ be the set of positive real numbers γ for which there exists
an internally stabilizing dynamic controller of the form so that the
transfer function Tzw(s) of the closed loop system satisfies
Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ. Determine γmo = inf Γ. If no
internally stabilizing dynamic controller exits, we set Γ = ∅ and
γmo = ∞.
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Suboptimal H∞ control.

It is possible that there is no internally stabilizing dynamic
controller with the property ‖Tzw‖∞ = γmo. In this case one
solves the suboptimal H∞ control problem.

Definition (The suboptimal H∞ control problem.)

For γ ∈ Γ with γ > γmo, determine an internally stabilizing
dynamic controller of the form (5) such that the closed loop
transfer function satisfies Tzw ∈ Hp1,m1

∞ with ‖Tzw‖∞ < γ. We call
such a controller γ-suboptimal controller or simply suboptimal
controller.
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Assumptions

A1) The triple (E ,A,B2) is strongly stabilizable and the triple
(E ,A,C2) is strongly detectable.

A2) rank
[
A− iωE B2

C1 D12

]
= n + m2 for all ω ∈ R.

A3) rank
[
A− iωE B1

C2 D21

]
= n + p2 for all ω ∈ R.

A4) For matrices T∞,S∞ ∈ Rn,n−r with image S∞ = ker E and
image T∞ = ker ET holds

rank
[
T T
∞AS∞ T T

∞B2

C1S∞ D12

]
= n + m2 − r ,

rank
[
T T
∞AS∞ T T

∞B1

C2S∞ D21

]
= n + p1 − r .
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Associated even pencils

λNH + MH(γ) =


0 −λET−AT 0 0 −CT

1
λE − A 0 −B1 −B2 0

0 −BT
1 −γ2Im1 0 −DT

11
0 −BT

2 0 0 −DT
12

−C1 0 −D11 −D12 −Ip1



λNJ + MJ(γ) =


0 −λE − A 0 0 −B1

λET − AT 0 −CT
1 −CT

2 0

0 −C1 −γ2Ip1 0 −D11

0 −C2 0 0 −D21

−BT
1 0 −DT

11 −DT
21 −Im1

 .
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Deflating subspaces

We compute deflating subspaces

XH(γ) =


XH,1(γ)
XH,2(γ)
XH,3(γ)
XH,4(γ)
XH,5(γ)

 , XJ(γ) =


XJ,1(γ)
XJ,2(γ)
XJ,3(γ)
XJ,4(γ)
XJ,5(γ)

 ,
with

XH,1(γ), XH,2(γ),XJ,1(γ), XJ,2(γ) ∈ Rn,r ,XH,4(γ) ∈ Rm2,r ,

XJ,4(γ) ∈ Rp2,r , XH,3(γ),XJ,5(γ) ∈ Rm1,r ,XH,5(γ),XJ,3(γ) ∈ Rp1,r .
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Necessary conditions for optimal γ

C1) The index of the two even pencils is at most one.
C2) There exists a matrix XH(γ) such that
C2.a) the space imXH(γ) is a semi-stable deflating subspace of

λNH + MH(γ) and image
[

EXH,1
XH,2

]
is an r -dimensional isotropic

subspace of R2n;
C2.b) rank EXH,1(γ) = r .

C3) There exists a matrix XJ(γ) such that
C3.a) the space imXJ(γ) is a semi-stable deflating subspace of

λNJ + MJ(γ) and im
[

ET XJ,1
XJ,2

]
is an r -dimensional isotropic

subspace of R2n;
C3.b) rank ET XJ,1(γ) = r .
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Sets of γ values I.

Definition
Consider the even pencils
λNH + MH(γ) and λNJ + MJ(γ). Define the sets

ΓH = {γ ∈ R+ | the index of λNH + MH(γ) is greater than one},
ΓJ = {γ ∈ R+ | the index of λNJ + MJ(γ) is greater than one },

and set γ̂H = sup ΓH , γ̂J = sup ΓJ and γ̂ = max{γ̂H , γ̂J}.

. In general the sets ΓH and ΓJ may be all of R+, but it follows
from the assumptions A1) – A4) that γ̂H and γ̂J and therefore
also γ̂ are finite.

. If γ > γ̂ then these pencils have 2r finite eigenvalues, where
r = rank E .
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Sets of γ values II
Definition
Consider the even pencils λNH + MH(γ) in and λNJ + MJ(γ).
Define the sets

ΓL
H = {γ ≥ γ̂ | the pencil λNH + MH(γ) satisfies C2.a)} ,

ΓL
J = {γ ≥ γ̂ | the pencil λNJ + MJ(γ) satisfies C3.a)} ,

ΓL = ΓL
J ∩ ΓL

H ,

ΓR
H = {γ ≥ γ̂ | the pencil λNH + MH(γ) satisfies condition C2)} ,

ΓR
J = {γ ≥ γ̂ | the pencil λNJ + MJ(γ) satisfies condition C3)} ,

ΓR = ΓR
J ∩ ΓR

H

and set
γ̂L

H = inf ΓL
H , γ̂L

J = inf ΓL
J , γ̂L = inf ΓL,

γ̂R
H = inf ΓR

H , γ̂R
J = inf ΓR

J , γ̂R = inf ΓR.
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Sets of γ values III

Definition
Consider a system satisfying A1-A4 and the associated even
pencils λNH + MH(γ) and λNJ + MJ(γ). Define the sets

ΓI
H =

γ ≥ γ̂

∣∣∣∣∣∣
the pencil λNH + MH(γ) has at least
one finite eigenvalue on the imagi-
nary axis

 ,

ΓI
J =

γ ≥ γ̂

∣∣∣∣∣∣
the pencil λNJ + MJ(γ) has at least
one finite eigenvalue on the imagi-
nary axis

 ,

ΓI = ΓI
J ∩ ΓI

H

and set γ̂I
H = inf ΓI

H , γ̂I
J = inf ΓI

J , γ̂I = inf ΓI . If ΓI
H , ΓI

J or ΓI are
empty, we set γ̂I

H = ∞, γ̂I
J = ∞ or γ̂I = ∞.
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The fourth condition

Theorem
Consider a system of the form satisfying assumptions A1) – A4).
Let XH(γ) and XJ(γ) be deflating subspace matrices of the form
that satisfy conditions C2) and C3), respectively. Then there exist
parameters γ̂k

H ≥ γ̂L
H , γ̂k

J ≥ γ̂L
J and k̂H , k̂J ∈ N with the property

that for all γH,1, γH,2 > γ̂k
H , γJ,1, γJ,2 > γ̂k

J the rank conditions hold:

rank ET XH,2(γH,1)= rank ET XH,2(γH,2)= k̂H ,

rank EXJ,2(γJ,1) = rank EXJ,2(γJ,2) = k̂J .
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Sets of γ values IV
C4) The matrix

Y(γ) =

[
−γX T

H,2(γ)EXH,1(γ) X T
H,2(γ)EXJ,2(γ)

X T
J,2(γ)E

T XH,2(γ) −γX T
J,2(γ)E

T XJ,1(γ)

]
is symmetric, positive semi-definite and satisfies
rankY(γ) = k̂H + k̂J .

Definition
Consider a system that satisfies assumptions A1) – A4). Then
we define

Γρ =

γ ≥ γ̂

∣∣∣∣∣∣
the matrix Y(γ) is positive semi-
definite
with rankY(γ) = k̂H + k̂J


and we set γ̂ρ := inf Γρ.
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Optimality Theorem

Theorem (Losse,M., Poppe, Reis 2008)

Consider a descriptor system and the associated even pencils
λNH + MH(γ) and λNJ + MJ(γ). Suppose that assumptions
A1) – A4) hold.
Then there exists an internally stabilizing controller such that the
transfer function from w to z satisfies Tzw ∈ Hp1,m1

∞ with
‖Tzw‖∞ < γ if and only if γ is such that the conditions C1) – C4)
hold.
Furthermore, the set of γ satisfying the conditions C1) – C4) is
nonempty.
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Classification of optimal γ
Algorithm

1. Form the pencils λNH + MH(γ) and λNJ + MJ(γ).
2. Compute the deflating subspace matrices XH and XJ

associated with the eigenvalues in the closed left half plane.
3. IF the dimension of one/both of these subspaces is less than

r , then γ < γmo,
ELSE

IF the rank of EXH,1 and/or ET XJ,1 is less than r, then γ < γmo,
ELSE

Form the matrix Ŷ.
IF Ŷ is not positive semi-definite and/or rank Ŷ < k̂H + k̂J , then
γ < γmo,
ELSE γ ≥ γmo.

To determine γmo one then uses a bisection method.
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Passivity
Definition
Consider again the simple linear time-invariant control system
Eẋ = Ax + Bu, x(0) = 0, y = Cx + Du. Suppose that the
homogeneous system is asymptotically stable and that D is
square and nonsingular. Defining a real scalar valued supply
function s(u, y), the system is called dissipative if there exists a
nonnegative scalar valued function Θ such that the dissipation
inequality

Θ(x(t1))−Θ(x(t0)) ≤
∫ t1

t0
s(u(t), y(t))dt

holds for all t1 ≥ t0, i.e. the system absorbs supply energy.

A dissipative system with the supply function
s(x , y) = ‖u‖2 − ‖y‖2 is called contractive and with the supply
function s(x , y) = u?y + y?u it is called passive.Structured pencils and control 36 / 61



Passivity check

To check passivity we can check whether the even matrix pencil

λNc + Hc := λ

 0 E 0
−(E)T 0 0

0 0 0

 +

 0 A B
AT 0 C
BT CT D + DT


is regular, of index at most 1 and has no purely imaginary
eigenvalues Brüll 2008
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Passivation

. To make a system that is not passive one computes the
smallest perturbation (∆E ,∆A,∆B,∆C,∆D) that makes the
system passive.

. Numerical methods: work in progress for standard systems
Alam/Bora/Karow/M./Moro.

. Dissertation Brüll 2008.
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Intermediate conclusion

. Even pencils are everywhere.

. All the presented results extend to more general situations,
e.g. nonsquare systems.

. But can we do anything with the even pencils?

. Do we have numerical methods?
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Even Kronecker form for even pencils.

To preserve the even (palindromic) structure, we use
congruence transformations

λÑ − M̃ = λUT NU − UT MU,

with nonsingular (unitary) U.

. What is the structured canonical form under this
transformation?

. What is a structured staircase form under unitary
transformations?

. Can we compute it numerically?
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A structured Kronecker form for even
pencils

Theorem: Thompson 91 If N, M ∈ Rn,n with N = −NT ,M = MT ,
then there exists a nonsingular matrix X ∈ Cn,n such that

X T (λN −M)X = diag(BS ,BI ,BZ ,BF),

is in structured Kronecker form, where

BS = diag(Oη,Sξ1 , . . . ,Sξk ),

BI = diag (I2ε1+1, . . . , I2εl+1, I2δ1 , . . . , I2δm) ,

BZ = diag (Z2σ1+1, . . . ,Z2σr +1,Z2ρ1 , . . . ,Z2ρs) ,

BF = diag(Rφ1 , . . . ,Rφt , Cψ1 , . . . , Cψu)

This structured Kronecker canonical form is unique up to
permutation of the blocks, i.e., the kind, size and number of the
blocks as well as the sign characteristics are characteristic of the
pencil λN + M.
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Properties of blocks

1. Oη = λ0η + 0η;
2. Each Sξj is a (2ξj + 1)× (2ξj + 1) block that combines a right
singular block and a left singular block, both of minimal index ξj .
It has the form

λ



1 0
... . . .

1 0
−1

... 0
−1 ...

0


+



0 1
... . . .

0 1
0

... 1
0 ...

1


;
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3. Each I2εj+1 is a (2εj + 1)× (2εj + 1) block that contains a
single block corresponding to the eigenvalue ∞ with index
2εj + 1. It has the form

λ



1 0
... . . .

1 0
−1 0

... 0
−1 ...

0


+



0 1
... . . .

0 1
0 s

. . . 1
0 ...

1


,

where s ∈ {1,−1} is the sign-index or sign-characteristic of the
block;
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4. Each I2δj is a 4δj × 4δj block that combines two 2δj × 2δj
infinite eigenvalue blocks of index δj . It has the form

λ



1 0
... . . .

1 ...

0
−1 0

... . . .

−1 ...

0


+



1
...

1
1

...

1

 ;
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5. Each Z2σj+1 is a (4σj + 2)× (4σj + 2) block that combines two
(2σj + 1)× (2σj + 1) Jordan blocks corresponding to the
eigenvalue 0. It has the form

λ



1
...

1
−1

...

−1

 +



1 0
... . . .

1 ...

0
1 0

... . . .

1 ...

0


;
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6. Each Z2ρj is a 2ρj × 2ρj block that contains a single Jordan
block corresponding to the eigenvalue 0. It has the form

λ



1
...

1
−1

...

−1

 +



1 0
... . . .

1 ...

s 0
1 0

... . . .

1 ...

0


,

where s ∈ {1,−1} is the sign characteristic of this block;
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7. Each Rφj is a 2φj × 2φj block that combines two φj × φj Jordan
blocks corresponding to nonzero real eigenvalues aj and −aj . It
has the form

λ



1
...

1
−1

...

−1

 +



1 aj
. . . . . .

1 ...

aj
1 aj

. . . . . .

1 ...

aj


.
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8 a. Either Cψj is a 2ψj × 2ψj block combining two ψj × ψj Jordan
blocks with purely imaginary eigenvalues ibj ,−ibj (bj > 0). It has
the form

λ



1
...

1
−1

...

−1

+ s



1 bj
. . . . . .

1 ...

bj
1 bj

. . . . . .

1 ...

bj


,

where s ∈ {1,−1} is the sign characteristic.
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8 b. or Cψj is a 4ψj × 4ψj block combining ψj × ψj Jordan blocks
for each of the complex eigenvalues
aj + ibj ,aj − ibj ,−aj + ibj ,−aj − ibj (with aj 6= 0 and bj 6= 0). In this
case it has form

λ



Ω
. . .

Ω

−Ω
. . .

−Ω

+



Ω Λj
. . . . . .

Ω . . .

Λj
Ω Λj

. . . . . .

Ω . . .

Λj


with Ω =

[
0 1
1 0

]
and Λj =

[
−bj aj
aj bj

]
.

Analogous results exist for complex even pencils.
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Consequences

. Even Kronecker forms exist.

. But the transformation matrix X may be arbitrarily
ill-conditioned.

. The even Kronecker cannot be computed well with finite
precision algorithms.

. The information given in the even Kronecker form is essential
for the understanding of the computational problems.

. We need alternatives, from which we can derive the
information, that allows the deflation of singular blocks and
blocks associated with 0,∞.
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Structured vs. unstructured
Why not just use standard equivalence λQNU −QMU ?
Example Consider a 3× 3 even pencil with matrices

N = Q

 0 1 0
−1 0 0
0 0 0

 QT , M = Q

 0 0 1
0 1 0
1 0 0

 QT ,

where Q is a random real orthogonal matrix. The pencil is
congruent to

λ

 0 1 0
0 0 1
0 0 0

−
 1 0 0

0 1 0
0 0 1


For different randomly generated orthogonal matrices Q the QZ
algorithm in MATLAB produced all variations of eigenvalues that
are possible in a general 3× 3 pencil.
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Outline

1 Descriptor systems
2 Optimal control
3 Optimal H∞ control
4 Passivation
5 Even Kronecker form
6 Even staircase form
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Structured staircase form for even pencils

Theorem Byers/M./Xu 06 For λN + M with
N = −NT ,M = MT ∈ Rn,n, there exists a real orthogonal
matrix U ∈ Rn,n, such that

UT NU =266666666666666666666664

N11 . . . . . . N1,m N1,m+1 N1,m+2 . . . N1,2m 0
.
.
.

. . .
.
.
.

.

.

.
.
.
. . . .

. . .

.

.

.
. . .

.

.

.
.
.
. Nm−1,m+2 . . .

−NT
1,m · · · · · · Nm,m Nm,m+1 0

−NT
1,m+1 . . . . . . −NT

m,m+1 Nm+1,m+1

−NT
1,m+2 · · · −NT

m−1,m+2 0

.

.

. . . .
. . .

−NT
1,2m

. . .

0

377777777777777777777775

n1
.
.
.
.
.
.

nm
l
qm

.

.

.
q2
q1
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UT MU =26666666666666666666666664

M11 · · · · · · M1,m M1,m+1 M1,m+2 . . . . . . M1,2m+1
.
.
.

. . .
.
.
.

.

.

.
.
.
. . . .

.

.

.
. . .

.

.

.
.
.
.

.

.

. . . .

MT
1,m . . . . . . Mm,m Mm,m+1 Mm,m+2

MT
1,m+1 . . . . . . MT

m,m+1 Mm+1,m+1

MT
1,m+2 . . . . . . MT

m,m+2
.
.
. . . .

.

.

. . . .

MT
1,2m+1

37777777777777777777777775

n1
.
.
.
.
.
.

nm
l
qm

.

.

.

.

.

.
q1

,

where q1 ≥ n1 ≥ q2 ≥ n2 ≥ . . . ≥ qm ≥ nm ,

Nj,2m+1−j ∈ Rnj ,qj+1 , 1 ≤ j ≤ m − 1,

Nm+1,m+1 =

»
∆ 0
0 0

–
, ∆ = −∆T ∈ R2p,2p

,

Mj,2m+2−j =
ˆ

Γj 0
˜
∈ Rnj ,qj , Γj ∈ Rnj ,nj , 1 ≤ j ≤ m,

Mm+1,m+1 =

»
Σ11 Σ12
ΣT

12 Σ22

–
, Σ11 = ΣT

11 ∈ R2p,2p
, Σ22 = ΣT

22 ∈ Rl−2p,l−2p
,

and the blocks Σ22 and ∆ and Γj , j = 1, . . . ,m are nonsingular.
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. The middle block

λNm+1,m+1 −Mm+1,m+1 = λ

[
∆ 0
0 0

]
−

[
Σ11 Σ12

ΣT
12 Σ22

]
,

contains all the blocks associated with finite eigenvalues and
1× 1 blocks associated with the eigenvalue ∞.

. The finite spectrum of is obtained from the even pencil
λ∆− Σ = λ∆− (Σ11 − Σ12Σ

−1
22 ΣT

12) with ∆ invertible.
. The matrix ∆ has a skew-Cholesky factorization ∆ = LJLT ,

with J =

[
0 I
−I 0

]
, Bunch 78, Benner/et al 00.

. The spectral information can be obtained from the
Hamiltonian matrix H = JL−1ΣL−T .
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Consequences

. All the information about the invariants (Kronecker indices)
can be read off. Byers/M./Xu 06.

. Singularities and high order blocks to the eigenvalue ∞ can
be deflated.

. The best numerical treatment of infinite eigenvalue in the
middle block λNm+1,m+1 −Mm+1,m+1 is unclear.

. Is the use of skew-Cholesky better than projecting out the
nullspace with unitary (symplectic) transformations?

. The part associated with the finite eigenvalues in the middle
block can be treated with the structured methods for
Hamiltonian problems Benner/M./Xu 98, Byers/Benner/M./Xu
02, Chu/Liu/M. 04. See Benner/Kressner’s HAPACK.
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Computational procedure
. The procedure consists of a recursive sequence of singular

value decompositions.
. The staircase form essentially determines a least generic even

pencil within the rounding error cloud surrounding λN −M.
. Rank decisions face the usual difficulties and have to be

adapted to the recursive procedure.
. Similar difficulties as in standard staircase form, GUPTRI

Demmel/Kågström 93.
. What to do in case of doubt? In applications, assume worst

case, see Mattheij/Wijckmans 98.
. Perturbation analysis is essentially open for singular and

higher order blocks associated with ∞.
. Perturbation theory for Hamiltonian matrices, Ran/Rodman

88, Godunov/Sadkane 97, Bora/M. 05, M./Xu 08.
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Structured vs. unstructured

Example revisited Our MATLAB implementation of the
structured staircase Algorithm determined that in the cloud of
rounding-error small perturbations of each even λN + M, there is
an even pencil with structured staircase form

λ

 0 1 0
−1 0 0

0 0 0

−
 0 0 1

0 1 0
1 0 0

 ,
with one block I3 with sign-characteristic 1.
The algorithm successfully located a least generic even pencil
within the cloud.
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Conclusions
. The computation of deflating subspaces for even pencils

(polynomials) allows a unified framework for many
computational problems in control, LQ, H∞, passivation, etc.

. Descriptor systems, singular control and other limiting cases
work the same way.

. The same approach works for higher order descriptor
systems.

. One method serves all problems.

. There is a completely analogous theory for discrete systems,
one uses palindromic pencils/polynomials (λA− AT ). One can
use the same methods via the generalized Cayley
transformation.

. Matlab software is available, production software (FORTRAN)
is on the way and will appear in the package HAPACK.

Structured pencils and control 60 / 61



Thank you very much
for your attention.

information, papers, codes etc
http://www.math.tu-berlin.de/˜mehrmann
http://www.matheon.de

Structured pencils and control 61 / 61


	Descriptor systems
	Optimal control
	Optimal H control
	Passivation
	Even Kronecker form
	Even staircase form

