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Fa
toring Polynomials over Lo
al FieldsSebastian PauliDepartment of Mathemati
s, Con
ordia University, 1455 de Maisonneuve Blvd.W., Montr�eal, Qu�ebe
 H3G 1M8, CanadaAbstra
tWe des
ribe an eÆ
ient new algorithm for fa
toring a polynomial �(x)over a �eld k that is 
omplete with respe
t to a dis
rete prime divisor. Forevery irredu
ible fa
tor '(x) of �(x) this algorithm returns an integralbasis for k[x℄='(x)k[x℄ over k.1. Introdu
tionMu
h attention has been given lately to the fa
torization of polynomials overlo
al �elds. This problem is 
losely related to the 
omputation of integral basesof lo
al and global �elds and 
an be applied to the fa
torization of ideals inglobal �elds. Several polynomial fa
torization algorithms have been published:� The Round Four algorithm of Zassenhaus (Ford, 1978, 1987; Ford andLetard, 1994) was originally 
on
eived as an algorithm for the 
omputa-tion of integral bases of algebrai
 number �elds and is fast in most 
ases. Insome 
ases however a bran
h of the algorithm with exponential 
omplexityis needed.� Chistov (1990) proved the existen
e of a polynomial-time algorithm forfa
toring polynomials over lo
al �elds.� The algorithm for fa
toring ideals of Bu
hmann and Lenstra des
ribed byCohen (1993, se
tion 6.2) 
an be used for fa
toring polynomials over a lo
al�eld in polynomial time. Its main disadvantage is that it needs an integralbasis as an input.� The algorithm by Montes (1999) is formulated as an algorithm for thede
omposition of ideals over number �elds and is based on ideas of Ore(1928). He does not provide a 
omplexity analysis.� The improved Round Four algorithm by Ford, Pauli, and Roblot (2000) is
onsiderably faster than the original Round Four algorithm. Formulated as1



S. Pauli: Fa
toring Polynomials over lo
al Fields 2an algorithm for fa
toring a polynomial �(x) over Q p , it returns a lo
al in-tegral basis (in fa
t, a power basis) for Q p [x℄='(x)Q p [x℄ for ea
h irredu
iblefa
tor '(x) of �(x). The algorithm terminates in polynomial time.� Cantor and Gordon (2000) have developed an algorithm for deriving anirredu
ible fa
tor of a polynomial �(x) 2 k[x℄ of degree N over an extensionk of degree k over Q p . In their talk at the fourth Algorithmi
 NumberTheory Symposium in July 2000 they announ
ed that they had redu
edthe expe
ted number of bit operations to O�N4+"vp(dis
�)2+" log1+" pk�:The algorithm presented here has its origins in the Round Four algorithm. Itreturns all irredu
ible fa
tors '(x) of a polynomial �(x) over the valuation ringof a lo
al �eld k together with an integral basis for k[x℄='(x)k[x℄. If k is a �niteextension of Q p of degree k, our algorithm derives a 
omplete fa
torization of apolynomial �(x) of degree N with the expe
ted number of bit operations beingO�N3+"vp(dis
�)1+" log1+" pk +N2+"vp(dis
�)2+" log1+" pk�:The following notations are used throughout this paper. Let k be a lo
al �eld,that is, a �eld 
omplete with respe
t to a dis
rete prime divisor p (see Weiss(1963)). Let Ok be the valuation ring of k and let � be a prime element ofp. Denote the non-ar
himidean valuation on k by j � j and let vp denote theexponential valuation on k with vp(�) = 1. Let k := Ok=p be the residue 
lass�eld of k. For 
 2 k denote by 
 the 
lass 
 + p in k. Let k be an algebrai

losure of k. The unique extensions of j � j and vp to k or any intermediate �eldbk will also be denoted by j � j and vp, respe
tively.Let �(x) be a moni
, separable, and squarefree polynomial of degree N inOk[x℄. In order to �nd a proper fa
torization of �(x) or to prove its irredu
ibility,we 
onstru
t a polynomial '(x) 2 k[x℄ with deg' less than or equal to the degreeof every irredu
ible fa
tor of �(x). The polynomial '(x) is iteratively modi�edsu
h that j'(�)j de
reases stri
tly for all roots � 2 k of �(x). In se
tion 2 wedes
ribe how a proper fa
torization of �(x) 
an be derived if j'(�i)j 6= j'(�j)j forsome roots �i and �j of �(x). In se
tion 3 we des
ribe how an integral basis ofk[x℄=�(x)k[x℄ over k 
an be obtained from the data 
omputed in the algorithm.In se
tion 4 we show that �(x) is irredu
ible if j'(�)jN < jdis
 �j2 for someroot � of �(x). In se
tion 5 we present an algorithm that returns a properfa
torization of �(x) over Ok if one exists or an integral basis of k[x℄=�(x)k[x℄over k otherwise. This algorithm is illustrated by two examples in se
tion 6. Inse
tion 7 we analyse the 
omplexity of the algorithm.2. Redu
ibilityDefinition 2.1: Let �(x) =QNj=1(x� �j) 2 Ok[x℄. For #(x) 2 k[x℄ we de�ne�#(t) := NYi=1(t� #(�i)) = resx(�(x); t� #(x)):



S. Pauli: Fa
toring Polynomials over lo
al Fields 3Definition 2.2: Let #(x) 2 k[x℄ with �#(t) = tN + 
1tN�1 + � � �+ 
N 2 Ok[t℄.We say #(x) passes the Hensel test if �#(t) = �#(t)s for some s > 1, where �#(t)is moni
 and irredu
ible in k[t℄.Furthermore we de�ne v�p(#) := min16i6N vp(
i)i :We say the polynomial #(x) passes the Newton test if vp(
N)N = v�p(#).Note that we have vp(#(�1)) = � � � = vp(#(�N)) = vp(
N)=N if #(x) passes theNewton test.Proposition 2.3: Let 
(x) 2 k[x℄ with �
(t) 2 Ok[t℄. If 
(x) fails the Henseltest then �(x) is redu
ible in Ok[x℄.Proof: As 
(x) fails the Hensel test, �
(t) has at least two irredu
ible fa
tors.Hensel's lemma gives relatively prime moni
 polynomials �1(t) and �2(t) in Ok[t℄with �1(t)�2(t) = �
(t). Reordering the roots of �(x) if ne
essary, we may write�1(t) = (t� 
(�1)) � � � (t� 
(�r)) and �2(t) = (t� 
(�r+1)) � � � (t� 
(�N));where 1 6 r < N . It follows that�(x) = g
d(�(x); �1(
(x))) � g
d(�(x); �2(
(x)))is a proper fa
torization of �(x). 2Corollary 2.4: Let #(x) 2 k[x℄ with �#(t) = tN + 
1tN�1 + � � �+ 
N 2 Ok[t℄.If #(x) fails the Newton test then �(x) is redu
ible in Ok[x℄.Proof: If #(x) fails the Newton test we have v�p(#) = r=s < vp(
N)=N . Setting
 := #s=�r we getminfvp(
(�1)); : : : ; vp(
(�N))g = 0 < maxfvp(
(�1)); : : : ; vp(
(�N))g:Consequently 
(x) fails the Hensel test and it follows from proposition 2.3 that�(x) is redu
ible. 2In general it is not possible to 
ompute exa
tly the greatest 
ommon divi-sor of two polynomials over a lo
al �eld. The following result from Ford andLetard (1994) (also see Ford, Pauli, and Roblot (2000)) provides a method forapproximating the greatest 
ommon divisor to a given pre
ision.For two polynomials 	(x) = b0xM + � � �+ bM and �(x) = 
0xN + � � �+ 
N we
all the (M +N)� (M +N)-matrix0BBBBBBB�
b0 � � � bM 0. . . . . .0 b0 � � � bM
0 � � � 
N 0. . . . . .0 
0 � � � 
N

1CCCCCCCAthe Sylvester matrix of 	(x) and �(x).



S. Pauli: Fa
toring Polynomials over lo
al Fields 4Proposition 2.5 (Ford): Let �(x) 2 Ok[x℄ be moni
. Let relatively primepolynomials 	1(x) and 	2(x) in Ok[x℄ and r0 2 N be given, su
h that�(x) j 	1(x)	2(x) and pr0 = �	1(x)Ok[x℄ + 	2(x)Ok[x℄� \ Ok:Choose m 2 N, m > r0. For j = 1; 2 let S�;	j be the Sylvester matrix of �(x)and 	j(x). Let �rj�j(x) with �j(x) moni
, rj 2 N be the polynomial given bythe last non-zero row of the matrix obtained by row redu
tion of S�;	j modulopm. Then �j(x) � g
d��(x);	j(x)� mod pm�r0 :Remark 2.6: In the 
onstru
tion of �1(x) and �2(x) it is suÆ
ient to haveapproximations to �(x), 	1(x), and 	2(x) that are 
orre
t modulo pm.Remark 2.7: Let 
(x) 2 k[x℄ su
h that �1(t)�2(t) = �
(t) 2 Ok[t℄ whereg
d(�1(t); �2(t)) = 1. There exist �1(t); �2(t) 2 Ok[t℄ with�1(t)�1(t) + �2(t)�2(t) = 1:Be
ause the index of k[x℄=�(x)k[x℄ in its maximal order is at most pd, whered = bvp(dis
�)=2
, and�d�1(
(x))�d�1(
(x)) + �d�2(
(x))�d�2(
(x)) � �2d mod p2d+1;it follows that r0 6 2d 6 vp(dis
 �).Both 
riteria for �nding a proper fa
torization of �(x) need a fa
torization ofthe polynomial over the residue 
lass �eld before Hensel lifting 
an be applied.If the residue 
lass �eld k is �nite we 
an use the algorithms of Berlekamp(1970), Cantor and Zassenhaus (1970), or one of the many improvements of thesealgorithms, Kaltofen and Shoup (1998) for example. If k is the 
ompletion of afun
tion �eld over a number �eld then polynomials over k 
an be fa
tored usingthe algorithms for fa
toring polynomials over number �elds by Trager (1976),Pohst (1999), Roblot (2000), or Fieker and Friedri
hs (2000).We will see that it is 
onvenient to fa
tor the polynomial �(x) over an unram-i�ed extension bk of k. Then the norm of the fa
tors of �(x) over bk 
an be usedto derive a fa
torization of �(x) over k. For more on the norm of a polynomialsee Pohst and Zassenhaus (1989, se
tion 5.4).Definition 2.8: Let bk[x℄ be an algebrai
 extension of k of degree n. Let #(x) 2bk[x℄ and #(j)(x) 2 bk(j)[x℄ (1 6 j 6 n) be the 
orresponding polynomials overthe 
onjugate �elds obtained by applying 
onjugation to the 
oeÆ
ients of #(x)only. Then the norm of #(x) is de�ned by Nbk=k(#) :=Qnj=1 #(j)(x).



S. Pauli: Fa
toring Polynomials over lo
al Fields 5Remark 2.9: Note that Nbk=k(#(x)) 2 k[x℄ and thatNbk=k(#1(x)#2(x)) = Nbk=k(#1(x))Nbk=k(#2(x))for all #1(x); #2(x) 2 bk[x℄.Remark 2.10: Let �(t) 2 Ok[t℄ be irredu
ible and let bk := Ok[t℄=�(t)Ok[t℄.Let '(x) =Pni=0 
i(t)xn be a polynomial in k[x℄. Denote by Ci a lift of 
i fromOk[t℄=�(t)Ok[t℄ to Ok[t℄. Then Nbk=k('(x)) = rest��(t);Pni=0Ci(t)xn�.3. Two Element Certi�
ates and Integral BasesFor a polynomial #(x) 2 k[x℄ the values E# and F# de�ned below give a lowerbound for the rami�
ation indi
es and the inertia degrees of the extensions k(�)for all roots � of �(x).Definition 3.1: Let #(x) 2 k[x℄, with �#(t) 2 Ok[t℄, su
h that #(x) passes theHensel and Newton tests. We de�ne �#(t) to be an arbitrary moni
 polynomial inOk[t℄, with �#(t) irredu
ible in k[t℄, su
h that �#(t) = �#(t)s for some s > 1. Weset F# := deg �#. Furthermore we de�ne G# and E# to be the unique relativelyprime integers with G#=E# = v�p(#).Definition 3.2: Let �(x) be a moni
 polynomial in Ok[x℄. A two-element 
er-ti�
ate for �(x) is a pair (�(x);�(x)) with �(x) 2 k[x℄ and �(x) 2 k[x℄ su
hthat ��(t) 2 Ok[t℄, ��(t) 2 Ok[t℄, and F�E� = deg�.Remark 3.3: If a two-element 
erti�
ate exists then �(x) is irredu
ible and anintegral basis of the extension of k generated by a root � of �(x) is given by theelements �(�)i�(�)j with 0 6 i 6 F� � 1 and 0 6 j 6 E� � 1.Let �(x) 2 Ok[x℄ be irredu
ible and let E be the rami�
ation index and Fthe inertia degree of k[x℄=�(x)k[x℄. Set bk0 := k. Assume we are given a towerof unrami�ed extensions bkr := bkr�1[tr℄=�
r�1bkr�1[tr℄...bk2 := bk1[t2℄=�
1(t2)bk1[t2℄bk1 := bk0[t1℄=�
0(t1)bk0[t1℄bk0 := kwith 
i(x) 2 bki[x℄, su
h that bkr is isomorphi
 to the inertia �eld of k[x℄=�(x)k[x℄.Denote by e
i(x) a lift of 
i(x) to k[t1; : : : ; ti℄[x℄ and by � a root of �(x). De�nea sequen
e Æi(x) 2 k[x℄ by Æ0(x) := e
0(x) and Æi(x) := e
(Æ0(x); : : : ; Æi�1(x)�(x)for 1 6 i 6 r. Then the inertia �eld of k(Æ0(�); : : : ; Æi(�)) is isomorphi
 to bki.
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toring Polynomials over lo
al Fields 6Let �(x) 2 k[x℄ be su
h that �(�) is a primitive element of bkr over k. ThenF� = F . Assume that a polynomial  (x) 2 bkr[x℄ with � (t) 2 Obkr[t℄ andv�p( ) = 1=E is known. Denote by e (x) a lift of  (x) to k[t1; : : : ; ti℄[x℄ and set�(x) = e �Æ0(x); : : : ; Ær(x)�(x):Then (�(x);�(x)) is a two-element 
erti�
ate for �(x).If the residue 
lass �eld k of k is �nite the following lemma 
an be used to�nd a primitive element of bkr.Lemma 3.4: Let Fq be the �nite �eld with q elements. Let � and 
 be elementsof an algebrai
 
losure of Fq . Let F� := [Fq (�) : Fq ℄, F
 := [Fq (
) : Fq ℄ andF := l
m(F�; F
). Let Æ 2 Fq (�; 
) be randomly 
hosen. Then the probabilitythat Fq (Æ) = Fq (�; 
) is at least 1=2.Proof: The number of elements of FqF generating a proper sub�eld of FqF is atmost Xl primel<F; ljFqF=l 6 (log2 F )qF=2:Therefore the probability that a randomly 
hosen element of FqF belongs to aproper sub�eld of FqF is at most(log2 F )qF=2qF = log2 FqF=2 6 log2 F2F=2 6 12 : 2For the 
ase that k is the 
ompletion of a fun
tion �eld over a number �eld,the residue 
lass �eld k is a number �eld. Cohen (1999, se
tion 2.1) presents analgorithm for 
omputing a primitive element of the 
ompositum of two number�elds.4. Irredu
ibilityThe following proposition gives an upper bound for the number of steps neededin our algorithm either to derive a proper fa
torization of �(x) or to produ
e atwo-element 
erti�
ate that � is irredu
ible.Proposition 4.1: Let �1; : : : ; �N ; �1; : : : ; �n be elements of an algebrai
 
losureof k and assume the following hypotheses hold.� �(x) =QNj=1(x� �j) is a squarefree polynomial in Ok[x℄.� '(x) =Qni=1(x� �i) 2 k[x℄.� j'(�j)jN< jdis
 �j2 for 1 6 j 6 N .� The degree of any irredu
ible fa
tor of �(x) is greater than or equal to n.Then N = n and �(x) is irredu
ible over k.
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toring Polynomials over lo
al Fields 7For the proof of this proposition we need a few lemmas.Lemma 4.2: Let �(x) = QNj=1(x � �j) 2 k[x℄. Let � be an element of the al-gebrai
 
losure of k and assume that e� is 
hosen among the roots of �(x) su
hthat j�� e�j is minimal. Thenj�(�)j = NYi=1maxfj�� e�j; je� � �ijg:Proof: We have j�(�)j =QNi=1 j�� �ij and j�� �ij = j�� e�+ e�� �ij 6 maxfj��e�j; je� � �ijg: If j�� e�j < je� � �ij then j�� �ij = je� � �ij, and if j�� e�j > je� � �ijthen j�� �ij = je� � �j. 2Lemma 4.3: Assume the hypotheses of proposition 4.1 hold. Then '(x) 2 Ok[x℄and '(x) is irredu
ible over k. Furthermore there exist a root � of �(x) and aroot � of '(x) su
h that k(�) = k(�), so that the minimal polynomial of � overk is an irredu
ible fa
tor of �(x) of degree n.Proof: Let �i(x) =QNij=1(x��i;j) (i = 1; : : : ; m) denote the m irredu
ible fa
torsof �(x). Let Gi be the Galois group of the extension k[�i;1; : : : ; �i;Ni℄=k. Let ��ibe the minimal distan
e between two distin
t zeroes of �i(x). Let e�i;j denote aroot of �i(x) su
h that j�j � e�i;jj is minimal. Assume that j�j � e�i;jj > ��i.Then for 1 6 i 6 m and 1 6 j 6 n, and using lemma 4.2, we getj�i(�j)j = NiYk=1 j�j � �i;kj = NiYk=1maxfj�j � e�i;jj; je�i;j � �i;kjg> NiYk=1maxf��i; je�i;j � �i;kjg= ��i Y�i;k 6=e�i;jmaxf��i; je�i;j � �i;kjg = ��i Y�i;k 6=e�i;jje�i;j � �i;kj:Assume w.l.o.g. that ��i = j�i;1 � �i;2j. Choose �i;1; : : : ; �i;n 2 Gi so thate��i;1i;1 ; : : : ;e��i;ni;1 are distin
t and 
hoose �i;1; : : : ; �i;n 2 Gi so that e��i;1i;1 ; : : : ;e��i;ni;n aredistin
t. Then ��i = j��i;ji;1 � ��i;ji;2 j for 1 6 j 6 n and je�i;j � �i;kj = je��i;ji;j � ��i;ji;k jfor 1 6 j 6 n and 1 6 k 6 Ni. Hen
enYj=1 j�i(�j)j > nYj=1���i Y�i;k 6=e�i;jje�i;j � �i;kj�= � nYj=1 j��i;ji;1 � ��i;ji;2 j�� nYj=1 Y�i;k 6=e�i;j je��i;ji;j � ��i;ji;k j� > jdis
 �ij2:



S. Pauli: Fa
toring Polynomials over lo
al Fields 8Now max16k6N j'(�k)jN > NYk=1 j'(�k)j = nYj=1 j�(�j)j = mYi=1 nYj=1 j�i(�j)j> mYi=1 jdis
�ij2 > jdis
 �j2:Thus if maxNk=1 j'(�k)jN < jdis
�j2 then there exist i, j with 1 6 i 6 m and1 6 j 6 n su
h that j�j�e�i;jj < ��i. It follows fromKrasner's lemma (lemma 4.4below) that k(e�i;j) � k(�j). As deg' = n 6 deg �i = Ni we get k(e�i;j) = k(�j).Therefore Ni = n, and �i(x), whi
h is the minimal polynomial of e�i;j over k, is anirredu
ible fa
tor of �(x) of degree n. Be
ause �(x) 2 Ok[x℄ and j�j�e�i;jj < ��iit follows that that '(x) 2 Ok[x℄. 2Lemma 4.4 (Krasner): Let � and � be two elements of an algebrai
 
losureof k. Assume that � is separable and that the distan
e between � and � is stri
tlysmaller than the distan
e between � and any of its 
onjugates. Then k(�) � k(�):Lemma 4.5: Assume the hypotheses of proposition 4.1 hold. Then k(�) �= k(�)for every root � of �(x) and every root � of '(x).Proof: The result is an immediate 
onsequen
e of lemma 4.3 if n = N , so weassume n < N . Let �1(x) := Qni=1(x � �1;i) denote the irredu
ible fa
tor of�(x) given by lemma 4.3 and write �2(x) :=QN�nj=1 (x� �2;j) = �(x)=�1(x). LetB = maxNj=1 j'(�j)j. By lemma 4.3 '(x) is an irredu
ible polynomial inOk[x℄; be-
ause Qni=1 j�1(�i)j =Qnj=1 j'(�1;j)j 6 Bn andQni=1 j�2(�i)j =QN�nj=1 j'(�2;j)j 6BN�n it follows that j�1(�)j 6 B and j�2(�)j 6 B(N�n)=n for ea
h root � of'(x). We havejdis
�1j jres(�1;�2)j = nYi=1�Yj 6=i j�1;i � �1;jj N�nYj=1 j�1;i � �2;jj�:Let G be the Galois group of the extension k[�1;1; : : : ; �1;n℄=k = k[�1; : : : ; �n℄=k.For 1 6 i 6 n let e�i be a root of '(x) that is 
losest to �1;i, and for 1 6 j 6 nlet �j;i be a member of G su
h that ��j;i1;j = �1;i. Thenje�i � �1;ij 6 je� �j;ii � �1;ij = je��j;ii � ��j;i1;j j = je�i � �1;jjfor 1 6 j 6 n.



S. Pauli: Fa
toring Polynomials over lo
al Fields 9ThusAi := �Yj 6=i j�1;i � �1;jj��N�nYj=1 j�1;i � �2;jj�= �Yj 6=i j�1;i � e�i + e�i � �1;jj��N�nYj=1 j�1;i � e�i + e�i � �2;jj�6 �Yj 6=imax fj�1;i � e�ij; je�i � �1;jjg��N�nYj=1 max fj�1;i � e�ij; je�i � �2;jjg�= �Yj 6=i je�i � �1;jj��N�nYj=1 max fj�1;i � e�ij; je�i � �2;jjg�:If j�1;i � e�ij > je�i � �2;jj for some j then Ai 6 j�1(e�i)j 6 B, and if j�1;i � e�ij <je�i� �2;jj for all j then Ai 6QN�nj=1 je�i� �2;jj = j�2(e�i)j 6 B(N�n)=n 6 B. Hen
eBN < jdis
 �j2 = jdis
�1j2jres(�1;�2)j4jdis
 �2j2 6 Bnjdis
�2j2:It follows that BN�n < jdis
 �2j2, and also that N�n > n (otherwise �(x) wouldhave an irredu
ible fa
tor of degree less than n). Repeatedly applying lemma 4.3in this manner we de
ompose �(x) as a produ
t of irredu
ible polynomials ea
hof degree n, and the result follows. 2Proof (of proposition 4.1): By lemma 4.5 N must be a multiple of n. If n =N we are done. But if n < N then �(x) is the produ
t of N=n irredu
iblepolynomials, say �1(x); : : : ;�N=n(x), ea
h of degree n. For 1 6 r 6 N=n let�r(x) = Qni=1(x � �r;i), and for 1 6 i 6 n let e�r;i denote a root of '(x) that is
losest to �r;i. Arguing as in the proof of lemma 4.5 we haveAr;i := �Yj 6=i j�r;i � �r;jj��Ys 6=r nYj=1 j�r;i � �s;jj�6 �Yj 6=imax fj�r;i � e�r;ij; je�r;i � �r;jjg��Ys 6=r nYj=1 j�r;i � �s;jj�6 �Yj 6=i je�r;i � �r;jj��Ys 6=r nYj=1max fj�r;i � e�r;ij; je�r;i � �s;jjg�6 B;hen
e jdis
�j = N=nYr=1 nYi=1 Ar;i 6 BN < jdis
�j2;whi
h is impossible. 2
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toring Polynomials over lo
al Fields 105. Polynomial Fa
torization AlgorithmThe following algorithm 
onstru
ts a polynomial '(x) as des
ribed in the intro-du
tion. To use proposition 4.1 to show that the algorithm terminates we needto ensure that deg' is less than or equal to the degree of any irredu
ible fa
torof �(x).As the algorithm progresses we a

umulate polynomials 'i(x) with E'i > 1and use these for altering '(x) so that the valuation of '(x) evaluated at theroots of �(x) in
reases (see remarks 5.5 and 5.3). When we �nd an element 
with F
 > 1 we ensure the 
ondition on the degree of '(x) by determining anunrami�ed extension bk of k with bk � bk(�) for every root � of �(x), �nding afa
tor b�(x) of �(x) with deg(b�) = deg(�)=F
 over bk, then fa
toring b�(x) itselfover bk. As we 
olle
t more information about the �elds generated by the rootsof �(x), we enlarge the unrami�ed extension bk.Algorithm 5.1 (Polynomial Fa
torization):Input: a moni
, separable, squarefree polynomial �(x) over a lo
al �eld kOutput: a proper fa
torization of �(x) if one exists,a two-element 
erti�
ate for �(x) otherwise� Initialize '(x) x, b�(x) �(x), bk k, E  1, P  f g.� Repeat:a) If '(x) fails the Newton test then: [ remark 5.2 ℄� Return a proper fa
torization of �(x).b) If E' - E then [in
rease E℄: [ remark 5.3 ℄� P  P [ f'g, S  l
m(E;E')=E, E  SE, '(x) '(x)S.� If E = deg b� then: [ remark 5.4 ℄� Return a two-element 
erti�
ate for �(x).
) Find  (x) = �
0'1(x)
1'2(x)
2 � � �'k(x)
k with: [ remark 5.5 ℄v�p( ) = v�p('), 'i(x) 2 P , 
0 2 Z, 
i 2 N (i > 0), deg < E.d) Set 
(x) '(x) �1(x). [ remark 5.6 ℄e) If 
(x) fails the Hensel test then: [ remark 5.2 ℄� Return a proper fa
torization of �(x).f) If EF
 = deg b� then: [ remark 5.4 ℄� Return a two-element 
erti�
ate for �(x).g) If F
 > 1 then [extend the ground �eld℄: [ remark 5.7 ℄� Repla
e bk bk[t℄=�
(t)bk[t℄.� Derive a proper fa
torization b�(x) = b�1(x) � � � b�r(x) of b�(x) over bk.� Repla
e b�(x) b�i(x), with deg b�i = �deg b��=F
.h) Find Æ 2 Obk with Æ � 
(�) mod �Obk for all roots � of �(x).i) Repla
e '(x) '(x)� Æ (x). [ remark 5.3 ℄
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toring Polynomials over lo
al Fields 11Remark 5.2: A proper fa
torization of b�(x) over bk 
an be derived by applyingproposition 2.3 to b�(x) and '(x) or 
orollary 2.4 to b�(x) and 
(x). From thisfa
torization of b�(x) over bk a fa
torization of �(x) over k 
an be obtained usingremark 2.9.Remark 5.3: Repla
ing '(x) by '(x)S ensures that deg' = E when E isrepla
ed by SE, and as deg Æ < E the degree of '(x) remains equal to E when'(x) is repla
ed by '(x)� Æ (x). As '(x) = x initially, '(x) remains moni
.Remark 5.4: If E = deg b� then every root � of �(x) generates an extensionof degree deg b�, and hen
e b�(x) is irredu
ible. It follows from proposition 4.1that deg' = E = deg b� if deg b� �v�p(') > 2vp(dis
 �). As v�p(') in
reases stri
tlyalgorithm 5.1 terminates. There exist 
0 2 Z and 
1; : : : ; 
s 2 N su
h that�(x) := '1(x)
1 � � �'s(x)
s with 'i(x) 2 P and v�p(�) = 1=E. By se
tion 3 we�nd a two-element 
erti�
ate of �(x).Remark 5.5: Let the elements in P be numbered so that the in
rease of E bythe fa
tor Sj due to 'j(x) is followed by the in
rease of E by the fa
tor Sj+1due to 'j+1(x). As E' j E there is an element  (x) = �
'1(x)
1 � � �'k(x)
k withv�p( ) = v�p('). By 
onstru
tion of the 'j(x) we have the relationsv�p('Sjj ) = v�p(�bj'bj;11 � � �'bj;j�1j�1 )with bj 2 Z and bj;i 2 N ; hen
e we 
an redu
e the exponents 
1; : : : ; 
k so that0 6 
j < Sj for 1 6 j 6 k. We getdeg 6 (S1 � 1) + (S2 � 1)S1 + (S3 � 1)S1S2 + � � �+ (Sk � 1)S1 � � �Sk�1= (�1 + S1 � � �Sk) = E � 1:Remark 5.6: In pra
ti
e we �nd b (x) 2 bk[x℄ su
h that b (x) (x) � 1 mod b�(x)and set 
(x)  '(x) b (x). Note that v�p(
) = 0. As only the values of thepolynomials 
(x) and b (x) at the roots of b�(x) are of 
on
ern, these polynomials
an be redu
ed modulo b�(x).Remark 5.7: As F
 > 1, and as b�(x) and therefore �
(t) are separable, �
(t)must have at least two distin
t fa
tors over bk[t℄=�
(t)bk[t℄, at least one of whi
his linear. Proposition 2.3 gives a fa
torization of b�(x) over bk[t℄=�
(t)bk[t℄.6. ExamplesIn the �rst example we show the irredu
ibility of a polynomial �(x) whose rootsgenerate totally rami�ed extensions of Q 2 . We need to in
rease the rami�
ationindex bound E twi
e to show the irredu
ibility of �(x). From the polynomials
olle
ted in the set P we 
ompile a 
erti�
ate for the irredu
ibility of �(x).
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toring Polynomials over lo
al Fields 12In the se
ond example a polynomial 	(x) is fa
tored over Q 3 . In the �rstiteration of the algorithm we dis
over that all extensions of Q 3 generated byroots of 	(x) 
ontain an unrami�ed extension bk=Q 3 . We derive a fa
torizationof 	(x) over bk from whi
h we obtain a fa
torization of 	(x) over Q 3 .Example 6.1: Let k = Q 2 and�(x) = x6 + 3�2x4 + 25x3 + 3�22x2 � 3�26x + 33�23:Initially we set P := f g and '(x) := x, hen
e �'(t) = �(t). It follows that '(x)passes the Hensel and Newton tests. We get v�2(') = 1=2, thus E' = 2 and weset E := 2, '1(x) := '(x) and repla
e P by f'1(x)g.We repla
e '(x) by x2, thus  (x) = 2 and 
(x) = '(x) �1(x) = 2�1x2 with�
(t) = t6 � t4 + t2 � 1: Hen
e �
(t) = t + 1.We repla
e '(x) by '(x)� (�1) (x) = x2 + 2. As�'(t) = t6 � 29t3 + 9�211t2 � 3�215t+ 3�216the polynomial '(x) passes the Hensel and Newton tests. We have v�2(') = 8=3and E' = 3. We repla
e E by l
m(E;E') = 6, set '2(x) := '(x) and repla
e Pby f'1(x); '2(x)g.The rami�
ation index of all extensions of Q 2 generated by roots of �(x)must be at least E = 6. As the degree of �(x) is six, �(x) is irredu
ible. Theirredu
ibility of �(x) is 
erti�ed by the two-element 
erti�
ate (1; �(x)) with�(x) := 2�3'1(x)'2(x) = 2�3x3 + 2�2x. Note that v�2(�) = 1=6.Example 6.2: Let k = Q 3 and	(x) = x8 + 4x6 + 2�3x4 + 7x2 + 32x + 13:We derive a fa
torization of 	(x) over Q 3 to a pre
ision of twelve 3-adi
 digits.Initially we set '(x) := x. Then �'(t) = 	(t) and �'(t) = t2 + 1. Thus we
ontinue our 
omputation over the extended ground �eld bk := k[t℄=�'(t)k[t℄. Let� be a primitive element of bk. Hensel lifting gives the fa
torsb	(x) = x4 + 435740�x3 + (�33734�32�� 59774�3)x2+ (�89882�+ 8443�32)x + (�5132�32� + 520585)and its 
onjugatex4 � 435740�x3 + (33743�32�� 59774�3)x2+ (89882�+ 8443�32)x+ (5132�32� + 520585)of 	 over bk. We now fa
torize b	(x) over bk.Over bk the polynomial '(x) = x has 
hara
teristi
 polynomial �'(t) = b	(t).Hen
e '(x) passes the Hensel and Newton tests and �'(t) = t+ 2�.
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toring Polynomials over lo
al Fields 13Thus  (x) = 1, 
(x) = '1(x), and Æ = �2�. Repla
ing '(x) by '(x)�Æ (x) =x+ 2�. we get�'(t) = t4 + 145244�3�t3 + (�33734�32�� 24679�32)t2+ (�116638�3�+ 50654�32)t+ 53869�32�� 33559�32;thus '(x) fails the Newton test. Note that the valuations of the roots of �'(t)are 1=3 and 1. The polynomial #(x) := '(x)3=3 with�#(t) = t4 + (�155281�3�+ 16838�32)t3 + (�3793�32� + 60782�3)t2+ (277066�+ 9565�32)t+ 8165�32�� 8350fails the Hensel test. Hensel lifting gives the fa
tors�#;1(t) = t � 4151�32� + 57679�32;�#;2(t) = t3 + (�142828�3�+ 5156�33)t2 + (�30373�32�+ 150737�3)t+ (�520028�� 17123�32)of �#(t). We obtain the fa
torsb	1(x) := g
d(b	; �#;1(#(x)) = x + 391409�� 26500�3;b	2(x) := g
d(b	; �#;2(#(x)) = x3 + (14777�3�� 150647�3)x2+ (158332�3�� 117802�3)x+ 188791�� 185620of b	(x). As �'(t) has a root of valuation 1=3 at least one of the extensions givenby roots of b	(x) must have rami�
ation index greater than or equal to three.Thus b	2(x) is irredu
ible. Computing the norm of b	1(x) and b	2(x) we get theirredu
ible fa
tors of 	(x) modulo 312 over k:	1(x) := Nbk=k(b	1) = x2 � 53000�3x+ 204634	2(x) := Nbk=k(b	2) = x6 � 124147�3x5 � 128147�3x4 + 120868�3x3+ 28201�3x2 + 107405�3x+ 312880:	1(x) is 
erti�ed by the two-element 
erti�
ate (�1(x); �1(x)) = (x; 3); 	2(x)is 
erti�ed by the two-element 
erti�
ate (�2(x); �2(x)) = (x; Nbk=k(x + 2�)) =(x; x2 + 4).7. Complexity AnalysisAs algorithm 5.1 is formulated over a general lo
al �eld k its 
omplexity is givenin terms of arithmeti
 operations in k. Fix the following notation.� We write P(n; f) for the number of steps required to fa
torize a polynomialof degree n over an extension of the residue 
lass �eld of k of degree f .
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toring Polynomials over lo
al Fields 14� Denote by M(n) the number of ring operations needed for multiplying twopolynomials of degree at most n in k[x℄. S
h�onhage and Strassen (1971)have shown that M(n) = O(n logn log logn).� Let �; 
 be in the algebrai
 
losure k of k with [k : k(�)℄ 6 n and [k :k(
)℄ 6 n for some n 2 N . Denote by C(n) the number of arithmeti
operations in k needed to 
ompute an element Æ 2 k su
h that Æ is aprimitive element of the 
ompositum k(�; 
).� Denote by T(m;n) the number of ring operations required for triangulariz-ing a m� n matrix over the valuation ring Ok of k. Hafner and M
Curley(1991) have shown that T(n; n) = O(n2T(1; 2) + n2:376).� Denote by R(m;n) the number of ring operations needed for 
omputing theresultant in x of two polynomials in k[t℄[x℄ of degree in x at most n andof degree in t at most m. There exists an algorithm su
h that R(m;n) =O(nM(nm) log(nm)).The extended eu
lidian algorithm for two polynomials of degree at most n isof 
omplexity O(M(n) logn). See von zur Gathen and Gerhard (1999) and thereferen
es 
ited therein for the relevant algorithms.Theorem 7.1: Let k be a lo
al �eld, let �(x) 2 Ok[x℄ be moni
, separable, andsquarefree of degree N .There exists an algorithm that derives a fa
torization of �(x) into irredu
iblefa
tors and returns an integral basis of k[x℄='(x)k[x℄ for every irredu
ible fa
tor'(x) of �(x) with the number of arithmeti
 operations in k beingO�logN(P(N;N) + T(N;N) + C(N)) + vp(dis
 �)(R(1; N) + P(N;N))�:Lemma 7.2: Let k be a lo
al �eld, let �(x) 2 k[x℄ be moni
, separable, andsquarefree of degree N . Let E� be the minimum of the rami�
ation indi
es andF� be the minimum of the inertia degrees of all extensions of k generated byroots of �(x).Algorithm 5.1 derives a proper fa
torization of �(x) or a two-element 
erti�-
ate for �(x) with the number of arithmeti
 operations in k beingO�logF��P(N;F�) + C(F�) + T(N;N)�+ E�vp(dis
�)N �R(1; N) + P(N;F�)��:Proof: Let bk be an unrami�ed extension of k 
ontained in k(�) for all roots � of�(x) and let F = [bk : k℄ then vp(dis
�) > Fvp(dis
 b�), where b�(x) is a fa
torof degree N=F of �(x) over bk. Therefore extending the ground �eld does notin
rease the number of repetitions of the main loop i.e., steps a), 
) to f) and i)are repeated at most 2E�=Nvp(dis
 �) times by proposition 4.1. Note that twopolynomials of degree (deg �)=F over an extension bk of degree F of k 
an bemultiplied in M(F �N=F ) = M(N) operations in k.
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toring Polynomials over lo
al Fields 15a) The resultant required for the Hensel test needs R(1; N) arithmeti
 opera-tions in k.b) [in
rease E℄ An in
rease of E 
an o

ur at most log2E� times. Computing'(x)S is of 
omplexity M(N) logE�.
) The extended eu
lidian algorithm needed for the 
omputation of  �1 is of
omplexity O(M(N) logN).e) The resultant required for the Newton test needs R(1; N) arithmeti
 oper-ations in k.g) [extend the ground �eld℄ The ground �eld 
an be extended at mostlog2 F� times. Fa
toring �
(t) over the residue 
lass �eld is of 
omplexityP(N=F; F ). The 
omputation of primitive element of a 
ompositum of tworesidue 
lass �eld is of 
omplexity C(F�). Deriving a proper fa
torizationrequires approximating the greatest 
ommon divisor (see proposition 2.5)and 
omputing the norm of b�(x) over k (see remark 2.10). This 
an bea
hieved in T(N;N) respe
tively R(F;N=F ) operations in k.h) This step requires fa
toring �
(t) over the residue 
lass �eld whi
h is of
omplexity P(N=F; F ).Thus a proper fa
torization of �(x) or a two-element 
erti�
ate for �(x) 
anbe derived with the number of arithmeti
 operations in k beingO�logF��R(1; N) + P(N;F�) + C(F�) + T(N;N)�+ logE��M(N) log(N)�+ E� vp(dis
 �)N �R(1; N) + P(N;F�)��= O�logF�i�P(N;F�i)+C(F�)+T(N;N)�+E�i vp(dis
�)N �R(1; N)+P(N;F�i)��:2Proof (of theorem 7.1): Denote by �1(x); : : : ;�m(x) the irredu
ible fa
tors of�(x). Let F�i be the inertia degree of the �eld given by �i(x). Let E�i bethe rami�
ation index of the �eld given by �i(x). It follows from 7.2 that thenumber of arithmeti
 operations required for deriving a fa
torization of �(x)into irredu
ible fa
tors ismXi=1O�logF�i�P(N;F�i)+C(F�)+T(N;N)�+E�i vp(dis
 �)N �R(1; N)+P(N;F�i)��= O�logN(P(N;N) + C(N) + T(N;N)) + vp(dis
 �)(R(1; N) + P(N;N))�:2Note that there are algorithms for fa
toring a polynomial of degree N over Fqwith the expe
ted number of bit operations being O(N2 log q) (see Kaltofen andShoup (1998)).
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toring Polynomials over lo
al Fields 16If the residue 
lass �eld of k is �nite then lemma 3.4 implies that the expe
tednumber of resultants needed to �nd an element Æ su
h that Æ is a primitiveelement of the 
ompositum k(�; 
) is O(1). Therefore C(N) is O(NM(N) log(N))expe
ted operations in k in this 
ase.It follows from proposition 4.1 and remark 2.7 that throughout the algorithma pre
ision of 2vp(dis
�) digits in the ground �eld is suÆ
ient.Corollary 7.3: Let k be a �nite extension of Q p of degree k. There existsan algorithm that derives a fa
torization of a moni
, separable, and squarefreepolynomial �(x) 2 Ok[x℄ and returns an integral basis for k[x℄='(x)k[x℄ forevery irredu
ible fa
tor '(x) of �(x) into irredu
ible fa
tors with the expe
tednumber of bit operations beingO�N3+"vp(dis
�)1+" log1+" pk +N2+"vp(dis
�)2+" log1+" pk�:8. A
knowledgementsThe author would like to thank� David Cantor and Dan Gordon for 
onvin
ing him that working over un-rami�ed extensions is better,� David Ford, Carsten Friedri
hs, and Xavier Roblot for their 
areful readingof this paper and their useful suggestions,� John Cannon and Claus Fieker for inviting him to Sydney to implementthe polynomial fa
torization algorithm in Magma (Cannon et al. , 2000).Referen
esE. Berlekamp, Fa
toring polynomials over large �nite �elds, Math. Comp. 24(1970).J. Cannon et al., The Magma Computational Algebra System, University of Syd-ney, 2000, http://www.maths.usyd.edu.au:8000/u/magma/index.html.D. G. Cantor and D. Gordon, Fa
toring polynomials over p-adi
 �elds, In Pro
.ANTS IV, volume 1838 of LNCS, Springer Verlag, 2000.D. G. Cantor and H. Zassenhaus, A new algorithm for fa
toring polynomialsover �nite �elds, Math. Comp. 36 (1981).A. L. Chistov, EÆ
ient fa
toring polynomials over lo
al �elds and its appli
a-tions, In Pro
. ICM 1990, Springer-Verlag, 1991.H. Cohen, Advan
ed topi
s in 
omputational number theory, Springer Verlag,1999.



S. Pauli: Fa
toring Polynomials over lo
al Fields 17H. Cohen, A Course in 
omputational number theory, Springer Verlag, 1993.C. Fieker and C. Friedri
hs, On re
onstru
tion of algebrai
 numbers, In Pro
.ANTS IV, volume 1838 of LNCS, Springer Verlag, 2000.D. Ford, On the Computation of the maximal order in a Dedekind domain, PhDDissertation, Ohio State University, 1978.D. Ford, The 
onstru
tion of maximal orders over a Dedekind domain, J. Symb.Comp. 4 (1987) 69{75.D. Ford and P. Letard, Implementing the Round Four maximal order algorithm,J. Th�eor. Nombres de Bordeaux 6 (1994) 39{80,http://almira.math.u-bordeaux.fr:80/jtnb/1994-1/jtnb6-1.html.D. Ford, S. Pauli and X.-F. Roblot, A guide to polynomial fa
torization over Q p ,CICMA Reports, Con
ordia Laval M
Gill, 2000-3,http://www-
i
ma.
on
ordia.
a/fa
ulty/
i
ma/CP00.html.J. von zur Gathen and J. Gerhard, Modern 
omputer algebra, Cambridge Uni-versity Press, 1999.J. Hafner and K. M
Curley, Asymptoti
ally fast triangulization of matri
es overrings, SIAM Journal of Computing 20 (1991).E. Kaltofen and V. Shoup, Subquadrati
-time fa
toring of polynomials over �nite�elds, Math. Comp. 67 (1998).J. Montes, Pol��gonos de Newton de orden superior y apli
a
iones aritm�eti
as,PhD Thesis, Universitat de Bar
elona, 1999.�O. Ore, Newtons
he Polygone in der Theorie der algebrais
hen K�orper, Math.Ann 99 (1928).M. E. Pohst, Fa
toring polynomials over global �elds, submitted to J. Symb.Comp. (1999).M. E. Pohst and H. Zassenhaus, Algorithmi
 algebrai
 number theory, CambridgeUniversity Press, 1989.X.-F. Roblot, Fa
torization algorithms over number �elds, submitted to J. Symb.Comp. (2000).A. S
h�onhage and V. Strassen, S
hnelle Multiplikation gro�er Zahlen, Comput-ing 7 (1971).B. M. Trager, Algebrai
 fa
toring and rational fun
tion integration, In Pro
.Symposium on Symboli
 and Algebrai
 Computation, ACM Press 1976.E. Weiss, Algebrai
 number theory, M
Graw-Hill, 1963.


