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Abstract. We describealgorithmsthat can be usedto interactively construct(“de-
sign”) surfaceswith constantnegativecurvature,in particularlythosethattouchaplane
alonga closedcurve andthoseexhibiting a conepoint.Both smoothanddiscretever-
sionsof thealgorithmsaregiven.
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1. SmoothK -surfaces

Herewe give a brief introductionto the differentialgeometryof surfaceswith constant
negativeGaussiancurvature.

1.1. Overview

Surfaceswith constantnegative Gaussiancurvature,known asK -surfaces,area classi-
cal topic in differentialgeometry. Onereasonis that their intrinsic geometryprovidesa
modelfor thehyperbolicplane.Theoldestexampleknown is theso-calledpseudosphere,
a certainsurfaceof revolutionwith Gaussiancurvature� 1:

FIGURE 1. Thepseudosphere
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Other surfacesof revolution with K = � 1 comein two typesas shown in the
picturesbelow. The�rst typelookslikea seriesof barrelsjoinedalongcuspidaledges:

FIGURE 2. K -surfaceof revolution

Theothertypein additionexhibits singularpointswherethesurfacebehaveslike a
cone:

FIGURE 3. K -surfaceof revolutionwith conepoints

By a theoremof Hilbert thereis no completeimmersedsurfacewith constantneg-
ative Gaussiancurvaturein 3-space.Nevertheless,all theabove surfacescanbeparame-
trized by perfectly smoothmaps.This is visible in the picturesfrom the fact that all
parametercurves(in factthey areasymptoticlines)extendassmoothcurvesthroughthe
apparentsingularities.

Laterwe will give a precisede�nition of the regularity conditionswe imposeon a
K -surface.

By Hilbert's theorem,globally, singularitieshave to occuron a K -surface.Generi-
cally, they comein two types:

� cuspidaledgesasin thepicturesabove,
� swallowtail points,wherethe cuspidaledgesthemselves exhibit cusps,as in the

picturebelow.
Conepointsdonotoccurgenerically.
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FIGURE 4. Swallowtail singularity

1.2. The Gaussmap of a K -surface

TheGaussmapof a K -surfacehasthecharacterizingpropertythat theimagesof theas-
ymptoticlinesform a Chebyshev neton the2-sphere.This meansthatin suitableasymp-
totic coordinatestheGaussimagesof theparameterlinesareparametrizedwith constant
speed.Visually this implies that theparameterlinesform “in�nitesimally smallparallel-
ograms”on thesphere.

FIGURE 5. Chebyshev netonS2

Oneway to statethis propertyis that theGaussmapof a K -surfaceis a harmonic
mapfrom the planeR2 (endowed with a Lorentzmetric wherethe coordinatelines are
lightlike) to the2-sphereS2. Usingarbitraryasypmptoticcoordinatesu, v this is equiva-
lent to thefollowing partialdifferentialequation(subscriptsindicatepartialderivatives):

N � Nuv = 0:

Switchingthecoordinatesu, v to thecoordinates

x = u + v;

t = u � v;
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oneobtainsanotherphysicalinterpretationof theGaussmapof a K -surface.Theabove
PDEfor N becomes

N � (Nxx � N tt ) = 0

andtheimagesof thelinest = constthereforemodeltheevolutionof anelasticstringon
the sphereS2. Think of thecontinuumlimit of a sequenceof massive balls coupledby
elasticrubberbands.

FIGURE 6. ElasticstringonS2

In thephysicsliteraturesucha stringevolution on S2 is referredto asa solutionof
the“non-linear� -model”.

1.3. Reconstructionof a K -surfacefr om its Gaussmap

Usingasymptoticcoordinatesu, v onecanreconstructaK -surfacef from its Gaussmap
N by solvingthefollowing ordinarydifferentialequations:

f u = N � Nu ;

f v = � N � Nv :

Usingthex, t coordinatesintroducedabovetheseequationsbecome:

f x = N � N t ;

f t = N � Nx :

1.4. Precisede�nition of a K -surface

The mostconvenientway to give a precisede�nition of a (not nececessarilyimmersed)
K -surfaceis by usingits Gaussmap:A mapf : R2 7! R3 is calleda K -surfaceif there
is a smoothmapN : R2 7! S2 suchthattheformulasof theprevioussectionapplyand

� thepartialderivativesNu andNv arenowherevanishing.
� N � Nuv = 0.
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SincethesecondconditionimplieshNu ; Nu i v = 0 andhNv ; Nv i u = 0, it is enoughto
ensurethe�rst conditiononsomeline u � v = const.

It is easyto seethat the secondcondition is equivalent to the exitenceof a map
f : R2 7! R3 satifying(3) and(4), andthe �rst conditionis thenequivalentto themap
(f ; N ) : R2 7! R3 � S2 beinganimmersion.

By theformulasof thelastsection,all parameterlinesof f in theu; v–coordinates
will be curveswith non-vanishingderivative (wherever f is an immersion,thesecurves
will beasymptoticlinesof f ).

2. DiscreteK -surfaces

Hereweexplainthediscretedifferentialgeometryusedto implementapolyhedralversion
of K -surfaces[1, 2]. This shouldnot just beconsideredasa numericalapproximationto
thesmoothconstructions,but asgeometricallyinterestingin its own right.

2.1. De�nition

A mapf : Z2 7! R3 from theintegerlatticeinto 3-spaceis calledadiscreteK -surfaceif

� Thelengthjf n +1 ;m � f n;m j of a horizontaledgeis independentof m.
� Thelengthjf n;m +1 � f n;m j of a verticaledgeis independentof n.
� Eachvertex f n;m togetherwith its four neighborsf n � 1;m , f n +1 ;m , f n;m � 1, f n;m +1

lies in someplaneEn;m .

f n;m � 1

f n � 1;m

f n +1 ;m
f nm

f n;m +1

FIGURE 7. To thede�nition of a discreteK -surface.

The �rst two propertiesmeanthata discreteK -surfaceis composedout of “skew
parallelograms”,i.e., quadrilateralsin spacewhereoppositesideshave the samelength
(without beingplanar).The third propertyensuresthat we have a well de�ned normal
vectorNn;m at eachvertex f n;m , givenby thenormalvectorto theplaneEn;m . Seethe
picturesin thesectiononK -surfaces.Thesurfacesdepictedtherewere,in reality, discrete
K -surfaces.



6 Ulrich Pinkall

x

tn

m

FIGURE 8. To theinitial zig-zag.

2.2. Propertiesof discreteK -surfaces

The Gaussmapof a discreteK -surfaceis alwaysa discreteChebyshev net in thesense
that all quadrilateralsNn;m , Nn +1 ;m , Nn +1 ;m +1 , Nn;m +1 aresphericalparallelograms
(they admita 180� -rotationthatinterchangesoppositepoints).

A discreteChebyshev netis completelydeterminedby giving initial dataN n;n (time
0) andNn +1 ;n (time1) for all integersn. Wewill referto suchinitial dataasan“initial zig-
zag”.By successively addingthemissingfourthpointof asphericalparallelogram(three
pointsof whichalreadyhavebeendetermined)onecanreconstructa discreteChebyshev
netfrom aninitial zig-zaguniquely.

2.3. Reconstructionof a discreteK -surfacefr om its Gaussmap

Onecanreconstructa discreteK -surfacef from its GaussmapN by solvingthefollow-
ing differenceequation:

f n +1 ;m � f n;m = Nn;m � Nn +1 ;m ;

f n;m +1 � f n;m = Nn;m +1 � Nn;m :

Herev � w denotesthecross-productof thevectorsv andw.

3. K -surfaceswith a conepoint

3.1. Smoothcase

A smoothK -surfacef is saidto have a conepoint if a wholeregularcurve 
 in thepa-
rameterdomainis mappedto a �x edpoint.Sincetheasymptoticlinesarealwaysregular
by de�nition, in asymptoticcoordinatesu, v sucha curvecanneverbetangentto a coor-
dinateline u = constor v = const. Hence,by passingto differentasymptoticcoordinates
we locally mayassumethat
 is equalto thex-axisin thecoordinates

x = u + v;

t = u � v:

Fromthe formulasdescribingthereconstructionof a K -surfacefrom its Gaussmapwe
seethat f x = 0 impliesN t = 0. This meansthatat time 0 themoving string on the2-
sphereis at rest,i.e.,all pointshavevelocity zero.This is thenthealgorithmto construct
cylinderswith constantnegativeGaussiancurvaturethatexhibit a conepoint:
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� Placea closedelasticstringx 7! N (x; 0) on the2-sphereanduseit asinitial data
with zerovelocity for astringevolutionN : R2 7! S2.

� Reconstructthesurfacef from N asdescribedin thesectionon thereconstruction
of a K -surfacefrom its Gaussmap.

3.2. Discretecase
It is now clearhow to constructdiscreteK -surfaceswith a conepoint: Accordingto the
sectionon Gaussmapsof discreteK -surfacesonehasto startwith aninitial zig-zagthat
is stationary, i.e.,a �x edpointof its discreteevolution.Thiswill occurif andonly if every
point of thezig-zagat time 1 is situatedexactly at thecenterof thesphericalgreatcircle
arcconnectingtheneighboringpointsat time0.

In this case,thepointsat time � 1 obtainedby completingtheparallelogramswill
coincidewith thecorrespondingpointsat time 1. FurthermorethewholeGaussmapfor
negativevaluesof thetimewill beanexactcopy of theGaussmapfor positive times.

FIGURE 9. A discreteK -surfacewith a conepoint.

FIGURE 10. Gaussmapof adiscreteK -surfacewith a conepoint.
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4. K -surfaceswith a planar strip

4.1. Smoothcase

A smoothK -surfacef is said to have a planarstrip if a whole regular curve 
 in the
parameterdomainis mappedto a �x edpoint on the2-sphereby its GaussmapN . Since
theasymptoticlinesarealwaysregularcurvesby de�nition, in asymptoticcoordinatesu,
v suchacurve
 canneverbetangentto acoordinateline u = constor v = const. Hence,
by passingto differentasymptoticcoordinateswe locally mayassumethat
 is thex-axis
in thecoordinates

x = u + v;

t = u � v:

Fromthe formulasdescribingthereconstructionof a K -surfacefrom its Gaussmapwe
seethatN (x; 0) is a �x edpoint on S2. This is thenthealgorithmto constructcylinders
with constantnegativeGaussiancurvaturewith aplanarstrip:

� Placeaclosedelasticstringin atotally collapsedstateatsomepointonthe2-sphere,
provide arbitraryinitial velocitiesN t (x; 0) andusethis asinitial datafor a string
evolutionN : R2 7! S2.

� Reconstructthesurfacef from N asdescribedin thesectionon thereconstruction
of a K -surfacefrom its Gaussmap.

4.2. Discretecase

It now clearhow to constructdiscreteK -surfaceswith aplanarstrip:Onehasto startwith
aninitial zig-zagwith all Nn;n equalto a �x edpoint a onS2.

FIGURE 11. A discreteK -surfacewith a planarstrip.
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FIGURE 12. Gaussmapof adiscreteK -surfacewith a planarstrip.

According to the sectionon the reconstructionof a discreteK -surfacefrom its
Gaussmapthecorrespondingpointsf n;n will thensatisfy

f n +1 ;n � f n;n = a � Nn +1 ;n ;

f n +1 ;m +1 � f n +1 ;n = a � Nn +1 ;n ;

andtherefore
f n +1 ;n +1 � f n;n = 2a � Nn +1 ;n :

To makeadiscreteK -surfacethattouchesaplanewith normalvectora alongaprescribed
closedpolygon
 1, . . . ,
 m onethereforehasto proceedasfollows:

� Rotatethepolygonby 90� arounda andscaleit sothatall edgevectors
 n +1 � 
 n

have lengthsmallerthan2 (this leavesa freeparameterfor theconstruction).
� Projectthe scalededgevectors(
 n +1 � 
 n )=2 to the unit 2-sphereto obtain the

normalvectorsN2;1, . . . , Nm +1 ;m .
� SetNn;n = a for all n andusethede�ned normalvectorsasaninitial zig-zagfor a

discreteChebyshev net.
� ReconstructthediscreteK -surfacef from its GaussmapN .

5. Software

Interactive Java webstartapplicationsthat implementthe algorithmsin this paperare
availableat:

www.math. tu- berlin. de/ geometrie/ lab
Thematerialin this paperis alsoincludedwith theseapplications,underthehelpmenu.
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