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Abstract. We describealgorithmsthat can be usedto interactvely construct(“de-

sign”) surfaceswith constanhegative cunature,in particularlythosethattouchaplane
alonga closedcurve andthoseexhibiting a conepoint. Both smoothanddiscretever-

sionsof thealgorithmsaregiven.
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1. SmoothK -surfaces

Herewe give a brief introductionto the differential geometryof surfaceswith constant
negative Gaussiarcurvature.

1.1. Overview

Surfaceswith constaninegative Gaussiarcurvature,known asK -surfacesare a classi-
cal topic in differentialgeometry Onereasonis thattheir intrinsic geometryprovidesa
modelfor thehyperbolicplane.The oldestexampleknown is the so-calledpseudosphere,
a certainsurfaceof revolutionwith Gaussiarcurvature 1:

FIGURE 1. Thepseudosphere
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Other surfacesof revolution with K = 1 comein two typesas shown in the
picturesbelown. The rst typelookslik e a seriesof barrelsjoinedalongcuspidaledges:

FIGURE 2. K -surfaceof revolution

Theothertypein additionexhibits singularpointswherethe surfacebehaeslike a
cone:

FIGURE 3. K -surfaceof revolutionwith conepoints

By atheoremof Hilbert thereis no completeimmersedsurfacewith constanineg-
ative Gaussiarcunaturein 3-spaceNeverthelessall the above surfacescanbe parame-
trized by perfectly smoothmaps.This is visible in the picturesfrom the fact that all
parametecurves(in factthey areasymptotidines) extendassmoothcurvesthroughthe
apparensingularities.

Laterwe will give a precisede nition of the regularity conditionswe imposeon a
K -surface.

By Hilbert's theoremglobally, singularitieshave to occuron aK -surface.Generi-
cally, they comein two types:

cuspidaledgesasin the picturesabove,

swallowtail points, wherethe cuspidaledgesthemseles exhibit cusps,asin the

picturebelow.

Conepointsdo notoccurgenerically
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FIGURE 4. Swallowtail singularity

1.2. The Gaussmap of aK -surface

The Gausanapof aK -surfacehasthe characterizingpropertythattheimagesof the as-
ymptoticlinesform a Chebyshe netonthe 2-sphereThis meanghatin suitableasymp-
totic coordinateshe Gaussmagesof the parametetinesareparametrizeavith constant
speedVisually thisimpliesthatthe parametetinesform “in nitesimally smallparallel-
ograms”onthesphere.

FIGURE 5. Chebyshe neton S?

Oneway to statethis propertyis thatthe Gaussmapof a K -surfaceis a harmonic
mapfrom the planeR? (endaved with a Lorentz metric wherethe coordinatelines are
lightlik e) to the 2-sphereS2. Usingarbitraryasypmptoticcoordinates, v thisis equiva-
lentto thefollowing partialdifferentialequation(subscriptsndicatepartialderivatives):

N Ny =0:
Switchingthe coordinatesl, v to the coordinates
X=Uu+v;
t=u v;
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oneobtainsanothemphysicalinterpretationof the Gaussmapof aK -surface.Theabove
PDEfor N becomes

N (Nxx Ng)=0
andtheimagesof thelinest = constthereforemodelthe evolution of anelasticstringon

the sphereS?. Think of the continuumlimit of a sequencef massie balls coupledby
elasticrubberbands.

FIGURE 6. Elasticstringon S?

In the physicsliteraturesucha string evolution on S? is referredto asa solutionof
the“non-linear -model”.

1.3. Reconstructionof a K -surfacefrom its Gaussmap
Usingasymptoticcoordinatesi, v onecanreconstrucaK -surfacef fromits Gausamap
N by solvingthefollowing ordinarydifferentialequations:

fu=N Ng;

fy= N Ny:

Usingthex, t coordinatesntroducedabore theseequationdecome:

fx =N Ng;
ft: N Ny:

1.4. Precisede nition of aK -surface

The mostcorvenientway to give a precisede nition of a (not nececessariljmmersed)
K -surfaceis by usingits Gaussmap:A mapf : R? 7! R® is calledaK -surfaceif there
is asmoothmapN : R? 7! S? suchthattheformulasof the previous sectionapplyand

thepartialderivativesN, andN, arenowherevanishing.
N Nw=0.
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Sincethe secondconditionimpliesiN; Nyi, = 0andhNy;Nyi, = 0, it is enoughto
ensureghe rst conditiononsomelineu v = const

It is easyto seethat the secondconditionis equialentto the exitenceof a map
f : R? 7! R® satifying(3) and(4), andthe rst conditionis thenequialentto the map
(f;N):R? 7 R® S? beinganimmersion.

By the formulasof the lastsection,all parametefinesof f in the u; v—coordinates
will be curveswith non-vanishingderivative (whereserf is animmersionthesecurves
will beasymptotidinesof f ).

2. DiscreteK -surfaces

Herewe explainthediscretdifferentialgeometryusedo implementapolyhedralversion
of K -surfaceqd[1, 2]. This shouldnot just be considerecasa numericalapproximatiorto
the smoothconstructionsbut asgeometricallyinterestingn its own right.

2.1. De nition

A mapf :Z? 7! R3 from theintegerlatticeinto 3-spacés calleda discreteK -surfaceif
Thelengthjf n+1.m  fnm j Of @horizontaledgeis independentf m.
Thelengthjf n.m +1 fn.m j Of averticaledgeis independenof n.

Eachvertex f ., togethemith its four neighbord n 1.m, fn+im,fom 1, fom +1
liesin someplaneEm .

fn+1 ;m

fn;m 1
FIGURE 7. Tothede nition of adiscreteK -surface.

The rst two propertiesmeanthata discreteK -surfaceis composedut of “skew
parallelograms”j.e., quadrilateralsn spacewhereoppositesideshave the samelength
(without being planar).The third propertyensureghat we have a well de ned normal
vectorN,.,n ateachvertex fn.m , givenby the normalvectorto the planeE .., . Seethe
picturesin thesectiononK -surfacesThesurfacedepictedherewere,in reality, discrete
K -surfaces.
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FIGURE 8. Totheinitial zig-zag.

2.2. Propertiesof discreteK -surfaces

The Gaussmapof a discreteK -surfaceis alwaysa discrete Chebyshe netin the sense
thatall quadrilateralNp.m , Nn+1:ms Np+1:m+1, Npm +1 aresphericalparallelograms
(they admita 180 -rotationthatinterchangesppositepoints).

A discreteChebyshe netis completelydeterminedy giving initial dataN ., (time
0) andNp+1 -n (timel) for all integersn. We will referto suchinitial dataasan“initial zig-
zag". By successiely addingthe missingfourth point of a sphericalparallelogranithree
pointsof which alreadyhave beendeterminedpnecanreconstruca discreteChebyshe
netfrom aninitial zig-zaguniquely

2.3. Reconstructionof a discreteK -surfacefrom its Gaussmap
OnecanreconstructadiscreteK -surfacef from its GaussmapN by solvingthefollow-
ing differenceequation:

fn+1;m fn;m = Nn;m Nn+1;m;

fam+1  fam = Nam+1  Npm:

Herev w denoteghecross-producef thevectorsv andw.

3. K -surfaceswith a conepoint

3.1. Smoothcase

A smoothK -surfacef is saidto have a conepointif awholeregularcurve in thepa-
rameterdomainis mappedo a x edpoint. Sincethe asymptotidinesarealwaysregular
by de nition, in asymptoticcoordinatesu, v sucha curve cannever betangento a coor
dinateline u = constorv = const Hence by passingo differentasymptoticcoordinates
we locally mayassumeéhat is equalto thex-axisin the coordinates

X=Uu+v;

t=u wv
Fromthe formulasdescribingthe reconstructiorof aK -surfacefrom its Gaussmapwe
seethatf, = OimpliesN; = 0. This meanghatattime 0 the moving string on the 2-

spherds atrest,i.e., all pointshave velocity zero.This is thenthe algorithmto construct
cylinderswith constannegative Gaussiarcurvaturethatexhibit a conepoint:
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Placea closedelasticstringx 7! N (x; 0) onthe 2-sphereanduseit asinitial data
with zerovelocity for astringevolutionN : R? 7! S?.

Reconstructhe surfacef from N asdescribedn the sectionon the reconstruction
of aK -surfacefrom its Gausamap.

3.2. Discretecase

It is now clearhow to constructdiscreteK -surfaceswith a conepoint: Accordingto the
sectionon Gausanapsof discreteK -surfacesonehasto startwith aninitial zig-zagthat
is stationaryi.e.,a x edpointof its discreteavolution. Thiswill occurif andonly if every
point of the zig-zagat time 1 is situatedexactly at the centerof the sphericalgreatcircle
arcconnectinghe neighboringpointsattime 0.
In this casethe pointsattime 1 obtainedby completingthe parallelogramswvill

coincidewith the correspondingpointsat time 1. Furthermorehe whole Gaussmapfor
negative valuesof thetime will beanexactcopy of the Gaussnapfor positive times.

FIGURE 9. A discreteK -surfacewith a conepoint.

FIGURE 10. Gausanapof adiscreteK -surfacewith a conepoint.
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4. K -surfaceswith a planar strip

4.1. Smoothcase

A smoothK -surfacef is saidto have a planarstrip if a whole regular curve in the
parametedomainis mappedo a x edpointon the 2-sphereby its GausamapN . Since
theasymptotidinesarealwaysregularcurvesby de nition, in asymptoticcoordinates!,
v suchacurve canneverbetangento acoordinatdineu = constorv = const Hence,
by passingo differentasymptoticcoordinatesve locally mayassumeéhat is thex-axis
in the coordinates

X=utyv,
t=u wv:

Fromthe formulasdescribingthe reconstructiorof aK -surfacefrom its Gaussmapwe
seethatN (x; 0) is a x edpoint on S2. Thisis thenthe algorithmto constructcylinders
with constannhegative Gaussiarcurvaturewith a planarstrip:

Placeaclosedelasticstringin atotally collapsedstateat somepointonthe2-sphere,
provide arbitraryinitial velocitiesN¢(x; 0) and usethis asinitial datafor a string
evolutionN : R? 7! S2,

Reconstructhesurfacef from N asdescribedn the sectionon the reconstruction
of aK -surfacefrom its Gausamap.

4.2. Discretecase

It now clearhow to constructdiscreteK -surfaceswith aplanarstrip: Onehasto startwith
aninitial zig-zagwith all N,,., equaltoa x edpointa on S2.

FIGURE 11. A discreteK -surfacewith a planarstrip.
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FIGURE 12. Gaussmapof adiscreteK -surfacewith a planarstrip.

According to the sectionon the reconstructiornof a discreteK -surfacefrom its
Gausamapthe correspondingointsf ., will thensatisfy
frnsan fan =@ Npsrgns
fnetm+r fnezn =@ Npiion;
andtherefore
fretin+sr frn =28 Npspon:
To makeadiscreteK -surfacethattouches planewith normalvectora alongaprescribed
closedpolygon 1, ..., m onethereforehasto proceedasfollows:

Rotatethe polygonby 90 arounda andscaleit sothatall edgevectors n+1 n
have lengthsmallerthan? (this leavesa free parametefor the construction).

Projectthe scalededgevectors( n+1 n)=2 to the unit 2-sphereto obtainthe
normalvectorsN,:.1, ..., Nm+1 :m-

SetN,., = afor all n andusethede ned normalvectorsasaninitial zig-zagfor a
discreteChebyshe net.

ReconstructhediscreteK -surfacef from its GaussmapN .

5. Software

Interactive Java webstartapplicationsthat implementthe algorithmsin this paperare
availableat:
www.math. tu- berlin.  de/ geometrie/ lab

Thematerialin this paperis alsoincludedwith theseapplicationsunderthe helpmenu.
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