A low-rank iteration scheme for multi-frequency acoustic problems
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ABSTRACT
The boundary element method for the discretization of the Kirchhoff-Helmholtz integral
equation is a popular numerical tool for solving linear time-harmonic acoustic problems.
However, the implicit frequency dependence of the boundary element matrices necessitates
an efficient treatment for problems requiring solutions in a frequency range. While several
approaches based on approximations of the Green's function, the matrix, or even the solution
itself exist in the literature, this paper presents an alternative method that provides a
simultaneous solution over a frequency range within a single iterative scheme. A frequency
approximation of the boundary element system in conjunction with a low-rank
approximation of the solution enables efficient matrix vector multiplications. The algorithm
can be incorporated into iterative solvers, such as BiCGstab in order to obtain the frequency
range solution.
The proposed scheme is applied to an acoustic interior problem subject to different boundary
conditions. The influence of both the approximation order and the accuracy of the low-rank
truncations on the convergence behavior of the solution are studied. The results verify the
effectiveness of the proposed iterative scheme. It opens up possibilities for the efficient
evaluation of structural-acoustic interactions and associated phenomena in the future.
1

INTRODUCTION

The boundary element method (BEM) is widely used for solving linear time-harmonic
acoustic problems arising in many technical and scientific applications [20]. Boundary element
discretizations are restricted to the surface of the wave-carrying fluid domain, and hence, involve
fewer degrees of freedom than corresponding discretizations obtained by the finite element method
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(FEM). Moreover, the implicit satisfaction of the far field radiation condition is particularly
advantageous for exterior problems compared to the FEM.
However, one of the major shortcomings of the BEM is the frequency dependence of the
system matrix and right-hand side. Therefore, the numerical integration for setting up the fully
populated matrices and the subsequent solution of the arising systems of equations need to be
performed for each individual frequency of interest. In consequence, the computational effort for
acoustic problems subjected to rapidly varying responses is considerably driven by the number of
frequency steps, in particular if the solution is performed independently for each frequency.
A large number of methods for an efficient boundary element analysis over frequency ranges
have been published in the last decades. The first approaches involve frequency interpolations of
the boundary element matrices based on few matrices, which are computed at sample frequencies
[3, 9]. Shortly thereafter, the interpolation of the Green's function used in the boundary integral
equation was suggested, limiting the integration to a single frequency [19]. While these methods
only address the computational effort associated with the set-up of the boundary element matrices,
Raveendra proposed an iterative solution scheme, which uses the factored form of the matrices at
the sample frequencies [15].
Instead of approximating the system matrix, Coyette employed a Padé approximation to
calculate the frequency response from a single boundary element solution [5]. Padé
approximations have also been used in the context of transfer matrices for an efficient multifrequency calculation of the radiated sound power [1, 17]. Modal contributions to radiated sound
power have been determined by solving the polynomial eigenvalue problem of coupled structuralacoustic interactions [14].
While acoustic problems involving a small number of degrees of freedom are amenable to
direct solvers, most of today's engineering problems require iterative solution schemes such as
Krylov subspace methods. In the course of solving a sequence of linear systems, the rate of
convergence can be accelerated by retaining selected subspaces [8]. Krylov subspace recycling
has been successfully applied to frequency range analyses with the BEM [7].
However, to the authors’ knowledge, there is no indication of an iterative scheme allowing
for a simultaneous solution for multiple frequencies in the literature. The approach in this paper is
based on the work by Kressner [10] on parametric linear systems. A frequency approximation of
the boundary element system in conjunction with a low-rank truncation of the solution enables
efficient matrix vector multiplications. The algorithm is incorporated into the biconjugate gradient
stabilized method (BiCGstab) in order to obtain the frequency range solution.
2 SIMULTANEOUS ITERATIVE SOLUTION OF MULTI-FREQUENCY
BOUNDARY ELEMENT SYSTEMS
The acoustic BEM with a collocation discretization yields the frequency dependent linear
system of equations
𝐇𝐇(𝑘𝑘)𝐩𝐩 = 𝐆𝐆(𝑘𝑘)𝐯𝐯 = 𝐛𝐛(𝑘𝑘),

𝐇𝐇(𝑘𝑘), 𝐆𝐆(𝑘𝑘) ∈ ℂ𝑛𝑛×𝑛𝑛 ,

𝐩𝐩, 𝐯𝐯, 𝐛𝐛(𝑘𝑘) ∈ ℂ𝑛𝑛×1 .

(1)

The vector 𝐩𝐩 contains the unknown sound pressure values at the nodes. 𝑛𝑛 denotes the number of
nodes, which equals the number of unknowns. The boundary elements matrices 𝐇𝐇(𝑘𝑘) and 𝐆𝐆(𝑘𝑘)
result from a collocation discretization of the Kirchhoff-Helmholtz integral equation, and they are
fully populated, and neither Hermitian nor positive definite in general. They relate the particle
velocity 𝐯𝐯 to the sound pressure. Instead of storing 𝐆𝐆(𝑘𝑘), the resulting right-hand side vector 𝐛𝐛(𝑘𝑘)

is usually assembled directly. All quantities are dependent on the wavenumber 𝑘𝑘 = 2𝜋𝜋𝜋𝜋/𝑐𝑐, where
𝑓𝑓 and 𝑐𝑐 denote the frequency and the speed of sound respectively.
In the context of a frequency range analysis, 𝑚𝑚 linear systems need to be solved - one for
each wavenumber of interest 𝑘𝑘1 , 𝑘𝑘2 , … , 𝑘𝑘𝑚𝑚 . They can be arranged in a single system with a block
diagonal matrix, i.e.
�

𝐇𝐇(𝑘𝑘1 )

⋱

𝐩𝐩1
𝐛𝐛(𝑘𝑘1 )
⋮
� � � = � ⋮ �.
𝐇𝐇(𝑘𝑘𝑚𝑚 ) 𝐩𝐩m
𝐛𝐛(𝑘𝑘𝑚𝑚 )

(2)

In order to simplify the matrix vector multiplication on the left-hand side of Eqn. (2), two
approximations are introduced in what follows. The first one is a low-rank truncation of the
solution. Therefore, the solutions 𝐩𝐩1 , … , 𝐩𝐩𝑚𝑚 are not stacked in a long vector as given in Eqn. (2),
but arranged side-by-side in the matricization 𝐏𝐏 ∈ ℂ𝑛𝑛×𝑚𝑚 , i.e. 𝐏𝐏 = [𝐩𝐩1 , … , 𝐩𝐩𝑚𝑚 ]. Assuming a
singular value decomposition and subsequent truncation, the solution matrix can be written as
𝐏𝐏 ≈ 𝐔𝐔𝐕𝐕 ∗ ,

𝐔𝐔 ∈ ℂ𝑛𝑛×𝑟𝑟 ,

𝐕𝐕 ∈ ℂ𝑚𝑚×𝑟𝑟 ,

(3)

with the rank 𝑟𝑟 ≪ 𝑛𝑛, 𝑚𝑚. Secondly, an approximation of the frequency dependent system is
introduced such that it has the form
𝑞𝑞

𝐇𝐇(𝑘𝑘) ≈ � 𝐇𝐇𝑗𝑗 𝑣𝑣𝑗𝑗 (𝑘𝑘),

(4)

𝑗𝑗=0

with a small number of terms 𝑞𝑞, the frequency independent coefficient matrices 𝐇𝐇𝑗𝑗 , and the scalar
valued, frequency dependent functions 𝑣𝑣𝑗𝑗 (∙). Combining the expressions (3) and (4), and defining
the right-hand side matricization 𝐁𝐁 = [𝐛𝐛1 , … , 𝐛𝐛𝑚𝑚 ] ∈ ℂ𝑛𝑛×𝑚𝑚 , a linear operator 𝓗𝓗: ℂ𝑛𝑛×𝑚𝑚 → ℂ𝑛𝑛×𝑚𝑚
can be defined as
𝑞𝑞

𝓗𝓗(𝐏𝐏) = ��𝐇𝐇𝑗𝑗 𝐔𝐔��𝐕𝐕 ∗ 𝐃𝐃𝑗𝑗 � , 𝐃𝐃𝑗𝑗 = diag �𝑣𝑣𝑗𝑗 (𝑘𝑘1 ), … , 𝑣𝑣𝑗𝑗 (𝑘𝑘𝑚𝑚 )�.

(5)

𝑗𝑗=0

This operation can be viewed as an economic variant of the matrix vector multiplication on the
left-hand side of Eqn. (2). The number of required operations is of 𝒪𝒪�𝑞𝑞𝑞𝑞(𝑛𝑛2 + 𝑚𝑚 + 𝑚𝑚𝑚𝑚)�
compared to the subsequent matrix vector multiplications 𝐇𝐇(𝑘𝑘𝑖𝑖 )𝐩𝐩𝑖𝑖 for 𝑚𝑚 frequencies, which will
result in 𝒪𝒪(𝑚𝑚𝑛𝑛2 ). Details regarding the low-rank truncation and the approximation of the system
matrix, as well as the incorporation of Eqn. (5) into an iterative solver are given in what follows.
2.1 Polynomial Approximation of the Boundary Element System Matrices
A polynomial approximation of the boundary element matrix is carried out in order to enable
an economic application of the linear operator defined in Eqn. (5). Taylor approximations are the
simplest type of polynomial approximations. However, they only provide a high accuracy in the
vicinity of the Taylor point, and hence, the error is not evenly distributed across the frequency
range [13]. Therefore, a 𝑞𝑞-th degree polynomial approximation of the form

𝑞𝑞

𝐇𝐇(𝑘𝑘) ≈ � 𝐇𝐇𝑗𝑗 𝑘𝑘 𝑗𝑗 = 𝐇𝐇0 + 𝐇𝐇1 𝑘𝑘 + ⋯ + 𝐇𝐇𝑞𝑞 𝑘𝑘 𝑞𝑞

(6)

𝑗𝑗=0

is used in this paper. The coefficient matrices 𝐇𝐇𝑗𝑗 are obtained by sampling the frequency range of
interest at 𝑠𝑠 ≥ 𝑞𝑞 + 1 sample frequencies and performing an entry-wise multiple linear regression
using least squares [4]. The algorithm is implemented by the use of the MATLAB function
regress available in MATLAB R2017b. The frequency samples are chosen as the Chebyshev
nodes in order to minimize the effect of Runge's phenomenon [16]. For the wave number interval
𝑘𝑘 ∈ [𝑘𝑘min , 𝑘𝑘max ] they can be obtained from
𝑘𝑘𝑗𝑗 = 0.5(𝑘𝑘min + 𝑘𝑘max ) + 0.5(𝑘𝑘min − 𝑘𝑘max )cos

(2𝑗𝑗 − 1)𝜋𝜋
, 𝑗𝑗 ∈ [1, … , 𝑠𝑠].
2𝑠𝑠

(7)

The number of frequency samples and the polynomial orders that are required to meet certain error
bounds are primarily dependent on the extent of the wave number interval, i.e. 𝑘𝑘max − 𝑘𝑘min .
Moreover, for a given polynomial order, matrix entries associated with near field contributions are
approximated more accurately than those related to far field contributions. However, rigorous
studies on the relation between the approximation quality and the distance between source and
field points are still missing.
2.2 Low-Rank Truncation of the Solution
A low-rank truncation of the solution matrix 𝐏𝐏 ≈ 𝐔𝐔𝐕𝐕 ∗ is required in order to efficiently apply
the operator (5). Therefore, an economic singular value decomposition
� 𝚺𝚺𝐕𝐕
�∗
𝐏𝐏 = 𝐔𝐔

(8)

�σ2𝑟𝑟+1 + ⋯ + σ2𝑅𝑅 ≤ 𝜖𝜖svd �σ12 + ⋯ + σ2𝑟𝑟 .

(9)

is computed, where 𝚺𝚺 contains the singular values 𝜎𝜎1 ≥ ⋯ ≥ 𝜎𝜎𝑅𝑅 on the diagonal with 𝑅𝑅 denoting
the rank of 𝐏𝐏. Given the exponential decay of the singular values, which is proven for 𝐏𝐏 and 𝐁𝐁
since 𝐇𝐇(𝑘𝑘) and 𝐛𝐛(𝑘𝑘) are analytically frequency dependent [10], the truncation rank 𝑟𝑟 is the
smallest value such that

The predefined relative error 𝜖𝜖svd controls the accuracy of the truncation, such that ‖𝐏𝐏 − 𝐔𝐔𝐕𝐕 T ‖𝐹𝐹 ≤
� and
𝜖𝜖svd ‖𝐔𝐔𝐕𝐕 T ‖𝐹𝐹 . 𝐔𝐔 and 𝐕𝐕 are then build up by using only the first 𝑟𝑟 column vectors 𝐮𝐮
� and 𝐯𝐯� of 𝐔𝐔
�, i.e.
𝐕𝐕
𝐔𝐔 = [𝐮𝐮
�1 , … , 𝐮𝐮
� 𝑟𝑟 ]diag��𝜎𝜎1 , … , �𝜎𝜎𝑟𝑟 �,

𝐕𝐕 = [𝐯𝐯�1 , … , 𝐯𝐯�𝑟𝑟 ]diag��𝜎𝜎1 , … , �𝜎𝜎𝑟𝑟 �.

(10)

In this way, the truncation operator 𝓣𝓣: ℂ𝑛𝑛×𝑚𝑚 → ℂ𝑛𝑛×𝑚𝑚 , 𝐏𝐏 ↦ 𝐔𝐔𝐕𝐕 ∗ can be defined, where 𝐔𝐔 and 𝐕𝐕
are obtained as in Eqn. (10).

2.3 The Biconjugate Gradient Stabilized Method for the Frequency Range Solution
BiCGstab [18] is a Krylov subspace method and particularly suited for the solution of nonsymmetric linear systems of equations, as those arising from the acoustic BEM. However, the
implementation used in this paper is non-standard in the sense that the iterate is a matrix instead
of a vector. Moreover, a preconditioner 𝓜𝓜: ℂ𝑛𝑛×𝑚𝑚 → ℂ𝑛𝑛×𝑚𝑚 can be employed, which should be
defined such that 𝓜𝓜−1 can be economically applied to matrices in the low-rank format (3). The
algorithm is summarized below. In there, inner products of two matrices 〈𝐗𝐗, 𝐘𝐘〉 need to be
evaluated, which can be performed economically, if 𝐗𝐗 = 𝐔𝐔𝑥𝑥 𝐕𝐕𝑥𝑥∗ and 𝐘𝐘 = 𝐔𝐔𝑦𝑦 𝐕𝐕𝑦𝑦∗ are available in the
low-rank format as
〈𝐗𝐗, 𝐘𝐘〉 = trace(𝐗𝐗 ∗ 𝐘𝐘) = trace ��𝐕𝐕𝑦𝑦∗ 𝐕𝐕𝑥𝑥 ��𝐔𝐔𝑥𝑥∗ 𝐔𝐔𝑦𝑦 ��.

Algorithm 1 – Preconditioned BiCGstab for multi-frequency acoustic problems.

Input:

Set:

While

Linear operator 𝓗𝓗: ℂ𝑛𝑛×𝑚𝑚 → ℂ𝑛𝑛×𝑚𝑚 as given in Eqn. (5)
Preconditioner 𝓜𝓜: ℂ𝑛𝑛×𝑚𝑚 → ℂ𝑛𝑛×𝑚𝑚
Truncation operator 𝓣𝓣: ℂ𝑛𝑛×𝑚𝑚 → ℂ𝑛𝑛×𝑚𝑚 as described in Sec. 2.2
Relative error for the low-rank approximation 𝜖𝜖svd
Relative error for the residual 𝜖𝜖tol
Right-hand side 𝐁𝐁 ∈ ℂ𝑛𝑛×𝑚𝑚
𝓣𝓣(𝐁𝐁) ≔ 𝐁𝐁
Initial guess 𝐏𝐏0 ≔ 𝟎𝟎, 𝐑𝐑 0 ≔ 𝐁𝐁
𝜌𝜌0 ≔ 〈𝐁𝐁, 𝐑𝐑 0 〉
𝐘𝐘0 ≔ 𝐑𝐑 0
�0 ≔ 𝓜𝓜−𝟏𝟏 (𝐘𝐘0 ),
𝐘𝐘
�0 �,
𝐖𝐖0 ≔ 𝓗𝓗�𝐘𝐘
𝑗𝑗 ≔ 0

�𝐑𝐑𝑗𝑗 �𝐹𝐹 /‖𝐁𝐁‖𝐹𝐹 < 𝜖𝜖tol
𝛼𝛼𝑗𝑗 ≔ 𝜌𝜌𝑗𝑗 /〈𝐁𝐁, 𝐖𝐖𝑗𝑗 〉,
𝐒𝐒j ≔ 𝐑𝐑𝑗𝑗 − 𝛼𝛼𝑗𝑗 𝐖𝐖𝑗𝑗 ,
𝐒𝐒�𝑗𝑗 ≔ 𝓜𝓜−𝟏𝟏 (𝐒𝐒𝑗𝑗 ),
𝐓𝐓𝑗𝑗 ≔ 𝓗𝓗(𝐒𝐒�𝑗𝑗 ),
If �𝐒𝐒𝑗𝑗 �𝐹𝐹 /‖𝐁𝐁‖𝐹𝐹 < 𝜖𝜖tol
�𝑗𝑗 , return
𝐏𝐏 ≔ 𝐏𝐏𝑗𝑗 + 𝛼𝛼𝑗𝑗 𝐘𝐘
End if
𝜉𝜉𝑗𝑗 ≔ 〈𝐓𝐓𝑗𝑗 , 𝐒𝐒𝑗𝑗 〉/〈𝐓𝐓𝑗𝑗 , 𝐓𝐓𝑗𝑗 〉,
�𝑗𝑗 + 𝜉𝜉𝑗𝑗 𝐒𝐒�𝑗𝑗
𝐏𝐏𝑗𝑗+1 ≔ 𝐏𝐏𝑗𝑗 + 𝛼𝛼𝑗𝑗 𝐘𝐘
𝐑𝐑𝑗𝑗+1 ≔ 𝐒𝐒j − 𝜉𝜉𝑗𝑗 𝐓𝐓𝑗𝑗 ,
𝜌𝜌𝑗𝑗+1 ≔ 〈𝐁𝐁, 𝐑𝐑𝑗𝑗+1 〉
𝛽𝛽𝑗𝑗 ≔ (𝜌𝜌𝑗𝑗+1 𝛼𝛼𝑗𝑗 )/(𝜌𝜌𝑗𝑗 𝜉𝜉𝑗𝑗 ),
𝐘𝐘𝑗𝑗+1 ≔ 𝐑𝐑𝑗𝑗+1 + 𝛽𝛽𝑗𝑗 (𝐘𝐘𝑗𝑗 + 𝜉𝜉𝑗𝑗 𝐖𝐖𝑗𝑗 ),
�𝑗𝑗+1 ≔ 𝓜𝓜−𝟏𝟏 (𝐘𝐘𝑗𝑗+1 ),
𝐘𝐘

�0 ≔ 𝓣𝓣�𝐘𝐘
�0 �
𝐘𝐘
𝐖𝐖0 ≔ 𝓣𝓣(𝐖𝐖0 )
breakdown if 〈𝐁𝐁, 𝐖𝐖𝑗𝑗 〉 = 0
𝐒𝐒𝑗𝑗 ≔ 𝓣𝓣�𝐒𝐒𝑗𝑗 �
𝐒𝐒�𝑗𝑗 ≔ 𝓣𝓣�𝐒𝐒�𝑗𝑗 �
𝐓𝐓𝑗𝑗 ≔ 𝓣𝓣�𝐓𝐓𝑗𝑗 �

𝐑𝐑𝑗𝑗+1 ≔ 𝓣𝓣�𝐑𝐑𝑗𝑗+1 �

breakdown if 𝜌𝜌𝑗𝑗 𝜉𝜉𝑗𝑗 = 0
𝐘𝐘𝑗𝑗+1 ≔ 𝓣𝓣�𝐘𝐘𝑗𝑗+1 �
�𝑗𝑗+1 ≔ 𝓣𝓣�𝐘𝐘
�𝑗𝑗+1 �
𝐘𝐘

(11)

End while
Output:

�𝑗𝑗+1 ),
𝐖𝐖𝑗𝑗+1 ≔ 𝓗𝓗(𝐘𝐘
𝑗𝑗 ≔ 𝑗𝑗 + 1

𝐖𝐖𝑗𝑗+1 ≔ 𝓣𝓣�𝐖𝐖𝑗𝑗+1 �

Sound pressure solution 𝐏𝐏 ∈ ℂ𝑛𝑛×𝑚𝑚 with ‖𝓗𝓗(𝐏𝐏) − 𝐁𝐁‖𝐹𝐹 /‖𝐁𝐁‖𝐹𝐹 ≤ 𝜖𝜖tol

Note that for the efficiency of the method, it is crucial that the right-hand side 𝐁𝐁 and the solution
matrix 𝐏𝐏 both admit a low-rank factorization. Otherwise, the intermediate matrices computed in
Algorithm 1 are not of low numerical rank and the inner products could not be computed efficiently
as in (11). However, in our application, this low-rank structure is usually present.
3

NUMERICAL EXAMPLE

Figure 1 – Geometry of the two-dimensional duct.

The proposed scheme is applied to an acoustic interior problem in order to provide a proof of
concept. A plane sound wave in a closed, rigid two-dimensional duct of length 𝑙𝑙 = 3.4 m and
width 𝑤𝑤 = 0.2 m is considered, as shown in Fig. 1. It is filled entirely with air with a density
of 𝜌𝜌 = 1.3 kg/m3 , and the speed of sound is 𝑐𝑐 = 340 m/s. A sound wave is generated due to a
harmonic excitation by a particle velocity of 𝑣𝑣0 = 1 mm/s at 𝑥𝑥 = 0. The example is studied in the
frequency range from 421 to 520 Hz in steps of Δ𝑓𝑓 = 1 Hz, i.e. 𝑚𝑚 = 100. Two different boundary
conditions are considered. First, an admittance boundary condition with 𝑌𝑌(𝑙𝑙) = 1/𝜌𝜌𝜌𝜌 used, which
results in a travelling wave that is fully absorbed at the end 𝑥𝑥 = 𝑙𝑙 of the duct. Secondly,
acoustically rigid boundary conditions 𝑌𝑌(𝑙𝑙) = 0 are used, leading to a full reflection of the wave,
and hence, standing waves emerge at the resonance frequencies of 450 and 500 Hz. The threedimensional equivalent of this model is defined as a benchmark problem of computational
acoustics [6] and rigorous studies on associated numerical errors exist [2, 11].

Figure 2 – Convergence of the BiCGstab for 𝑞𝑞 = 6 and different tolerances for the low-rank truncation. Results for
the fully absorbing (left) and for the acoustically rigid condition (right).

The mesh consists of 32 one-dimensional boundary elements with quadratic Lagrangian
pressure approximation, of which 15 elements are employed for both edges parallel to the direction
of wave propagation, respectively. This corresponds to 𝑛𝑛 = 64 degrees of freedom, and hence,

𝐇𝐇(𝑘𝑘) ∈ ℂ64×64 . The ranks of 𝐏𝐏 and 𝐁𝐁 after computing the singular value decompositions and
performing truncations with different accuracies 𝜖𝜖svd are given in Table 1. The ranks are
considerably smaller than 𝑛𝑛 and 𝑚𝑚, and hence, the products in Algorithm 1 can be efficiently
computed by making use of the low-rank format. However, note that the ranks of the intermediate
matrices could temporarily increase in the course of the iterations.
Polynomial approximations of orders 𝑞𝑞 = 3, … ,6 are calculated, whereas the sample
frequencies are chosen according to Eqn. (7). For the sake of efficiency, the right-hand side vectors
are also only computed at those sample frequencies and interpolated across the frequency range.
No preconditioning is used, i.e. 𝓜𝓜 = 𝐈𝐈.

Table 1 – Ranks of conventionally calculated solutions matrices 𝐏𝐏 and right-hand sides 𝐁𝐁 after low-rank truncations
with different accuracies 𝜖𝜖svd

Rank of 𝐏𝐏 for case I
Rank of 𝐏𝐏 for case II
Rank of 𝐁𝐁

𝜖𝜖svd = 10−4
6
7
5

𝜖𝜖svd = 10−6
8
9
7

𝜖𝜖svd = 10−8
10
11
7

Figure 3 – Imaginary and real parts of the sound pressure solution in the fully absorbing case at the corner (𝑥𝑥, 𝑦𝑦) =
(0,0) of the duct. Comparison of the multi-frequency solutions with polynomial approximations of order 𝑞𝑞 = 3 and
𝑞𝑞 = 6 and the conventional, frequency-wise solution.

The convergence of the relative residuals ‖𝐑𝐑‖𝐹𝐹 /‖𝐁𝐁‖𝐹𝐹 for both, the fully absorbing case (I)
and the acoustically rigid case (II), are shown in Fig. 2. In case (I), different accuracies of the lowrank truncations 𝜖𝜖svd do not have a significant influence on the convergence, while in case (II),
higher accuracies are associated with faster convergence. Moreover, the truncations do not cause
an early stagnation of the method in both conditions. While in the absorbing case (I), convergence
is reached rather quickly, the convergence rate in the rigid case (II) is much slower due to the nonsmoothness of the sound pressure solution at the resonance frequencies.
Figure 3 shows the real and imaginary parts of the sound pressure solutions in the absorbing
case (I) at the corner node (𝑥𝑥, 𝑦𝑦) = (0,0). The results are obtained by means of the proposed

iterative scheme with polynomial approximations of order 𝑞𝑞 = 3 and 𝑞𝑞 = 6. The comparison to
the conventionally (i.e. frequency-wise) obtained results indicates a good agreement. Similar
graphs are displayed for the rigid case (II) in Fig. 4. Despite the non-smoothness associated with
the resonance peaks, the multi-frequency solutions accord well with the reference solutions.
Similarly good agreements are also achieved for all other positions in the duct.
Regarding the overall accuracy of the multi-frequency solutions, the approximation of the
system matrix and the truncation of the solution introduce further numerical errors in addition to
the common discretization error. While the error associated with the truncation can be controlled
by the predefined tolerance 𝜖𝜖svd, the quality of the polynomial matrix interpolation cannot be
predicted a-priori. Further studies are required to gain confidence in this regard.

Figure 4 - Imaginary and real parts of the sound pressure solution in the acoustically rigid case at the corner (𝑥𝑥, 𝑦𝑦) =
(0,0) of the duct. Comparison of the multi-frequency solutions with polynomial approximations of order 𝑞𝑞 = 4 and
𝑞𝑞 = 6 and the conventional, frequency-wise solution.

4

CONCLUSIONS AND FUTURE WORK

A polynomial frequency approximation of the boundary element system in conjunction with
low-rank approximations of the solution have been used to enable efficient matrix vector
multiplications in the course of solving multi-frequency acoustic problems with BiCGstab. The
process has been applied to an interior problem subject to fully absorbing and rigid boundary
conditions. Both scenarios have shown convergence, though a relatively large number of iterations
was required for the rigid case exhibiting a resonant behavior. On the other hand, in the absorbing
case, convergence has been reached much faster due to the smoothness of the solution resulting in
a much shorter computational time. A conventional approach with an individual solution process
for each frequency obviously requires similar amounts of computational effort in both cases.
Therefore, the presented scheme is advantageous in the sense that the computational effort is
adjusted automatically, and consequently, less a-priori knowledge of the solution complexity is

needed. In cases, where the sound pressure exhibits large variations across the frequency range of
interest, smaller partitions of the solution matrix are truncated.
The main purpose of this paper is to present the multi-frequency scheme and to provide a
preliminary verification. Therefore, only problems with a small number of degrees of freedom
have been descriptively studied in order to provide a proof of concept. Of course, larger problems
need to be considered in order to actually benefit from an iterative scheme and also in view of
useful comparisons with existent multi-frequency strategies. On the other hand, the size of the
problem is limited due to the need to store several fully populated matrices. An incorporation of
the hierarchical format could address this issue.
Apart from that, different parts of the algorithm should be improved in the future. First and
foremost, an efficient preconditioning needs to be found that works for the whole frequency range.
In addition, different frequency approximations such as the discrete empirical interpolation method
are possible [12]. More efficient strategies for the low-rank truncation and for the sampling are
also eligible. Further, the procedure could be incorporated into other iterative schemes such as
GMRes. Finally, the multi-frequency scheme could also be applied to structural-acoustic
interactions and associated phenomena such as frequency-dependent radiation damping.
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