GRAPH APPROXIMATIONS TO GEODESIC DISTANCES IN
NONLINEAR DIMENSIONALITY REDUCTION
ALEXANDER PAPROTNY

Abstract. Nonlinear dimensionality reduction (NLD) methods attempt to
recover a low-dimensional, geometrically faithful representation of data drawn
from an unknown low-dimensional submanifold of a high-dimensional Euclidean space. Estimating geodesic distances between data points is an essential part of many of these methods, e.g., [TdSL00, LZ08, BN03].
Maximum Variance Unfolding (MVU) [WS06b, WS06a, WS04] is a heuristic approach to NLD, which is based on a semidefinite optimization problem
which, intuitively, aims at maximizing the variance of the data while preserving local proximity relations stipulated in terms of a neighborhood graph. We
present an equivalent formulation of this problem in terms of Euclidean distance matrices [Dat05, BB07] and consider a relaxation thereof to the cone of
general distance matrices [PG12]. We show that the unique solution of the
latter is precisely the distance matrix of the underlying neighborhood graph.
Invoking results on graph approximations to geodesic distances, we may consider MVU as a regularized geodesic distance approximation problem. This
insight enables us to establish a convergence result for MVU, provided that the
underlying manifold be intrinsically flat and convex. This is surprising, since
the authors of [WS04] explicitily intended to design the algorithm in such a
way that graph approximations to global geodesic distances be avoided. (This
part of the talk is based on [PG12]).
The above mentioned hitherto known convergence results on graph approximations to geodesic distances are restricted to manifolds without boundary
and convex manifolds-with-boundary. In the seond part of the talk, we shall
present generalizations of these convergence results to (not neccessarily convex)
manifolds-with-boundary. These extensions are based on differential properties of geodesics in manifolds-with-boundary established in [AA81, ABB87,
ABB93, PG12].
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