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Abstract Anisotropic representation systems such as curvelets and shearlets have
had a significant impact on applied mathematics in the last decade. The main reason
for their success is their superior ability to optimally resolve anisotropic structures
such as singularities concentrated on lower dimensional embedded manifolds, for
instance, edges in images or shock fronts in solutions of transport dominated equations. By now, a large variety of such anisotropic systems has been introduced, for
instance, second generation curvelets, bandlimited shearlets, and compactly supported shearlets, all based on a parabolic dilation operation. These systems share
similar approximation properties, which is usually proven on a case-by-case basis
for each different construction. The novel concept of parabolic molecules, which
was recently introduced by two of the authors, allows for a unified framework encompassing all known anisotropic frame constructions based on parabolic scaling.
The main result essentially states that all such systems share similar approximation
properties. One main consequence is that at once all the desirable approximation
properties of one system within this framework can be deduced for virtually any
other system based on parabolic scaling. The present paper motivates and surveys
recent results in this direction.

1 Introduction
Wavelets have had a tremendous impact on applications requiring an efficient representation system such as image compression or PDE solvers. However, multivariate
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data does typically exhibit the distinct property of being governed by anisotropic
features, which wavelets – as an isotropic system – are not capable of resolving optimally in the sense of optimal approximation rates. In imaging sciences, this fact is
even backed up by neurophysiology, since it is today generally accepted that neurons
are highly directional based, thereby reacting most strongly to curvelike structures.
This observation has led to the introduction of various novel representation systems, which are designed to accommodate the anisotropic nature of most multivariate data. The considered model situation are functions with singularities along
lower dimensional embedded manifolds such as edges or rays in imaging applications, with the goal to provide optimally sparse approximations of these objects.
Some of the most well-known nowadays termed directional representation systems
are ridgelets [4], curvelets [5], and shearlets [19, 28]. With the introduction of such
a variety of systems the appeal has grown to extract the underlying principles of
these new constructions and build an abstract common framework, which can unite
many of these systems ‘under one roof’. The framework should be general enough
to include as many constructions as possible, while on the other hand also be specific enough to still capture their main features and properties. Such a framework
would help to gain deeper insights into the properties of such systems. Moreover, it
bears an obvious economical advantage. Up to now the properties of each new system, e.g. their approximation rates of anisotropic features, have been proven more
or less from scratch, although the proofs often resemble one another in many ways.
From the higher level viewpoint provided by such a framework, it becomes possible
to provide proofs, which build upon abstract properties and are therefore independent of the specific constructions. Thus, results can be established for many systems
simultaneously.
The introduction of parabolic molecules in 2011 by two of the authors [17] was a
first step in this direction. A system of parabolic molecules can be regarded as being
generated from a set of functions via parabolic dilations, rotations and translations.
Each element in a system of parabolic molecules is therefore naturally associated
with a certain scale, orientation and spatial location. The central conceptual idea is
now to allow the generators to vary, as long as they obey a prescribed time-frequency
localization, which also explains the terminology ‘molecules’.
At the heart of this is the fundamental observation that it is foremost the timefrequency localizations of the functions in a system, which determine its properties
and performance. This concept of variable generators, where in the extreme case
every element is allowed to have its own individual generator, is a key feature of
the framework and gives it a great amount of flexibility. Additional flexibility is
achieved by parametrizations to allow generic indexing of the elements. Another
fruitful idea is the relaxation of the rigid vanishing moment conditions imposed
on the generators of most classical constructions by requiring the moments to only
vanish asymptotically at high scales without changing the asymptotic behavior of
the approximation.
It was shown in [17] that the concept of parabolic molecules can unify shearbased and rotation-based constructions under one roof. In particular, it enables to
treat the classical shearlets and curvelets simultaneously, although these specific
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constructions are based on different construction principles: For curvelets the scaling is done by a dilation with respect to polar coordinates and the orientation is
enforced by rotations. Shearlets on the other hand are based on affine scaling of
a single generator and the directionality is generated by the action of shear matrices. As an example application, in [17] parabolic molecules were used to show that
these systems feature a similar approximation behavior, thereby not only unifying
the approximation results for curvelets [5] and shearlets [20, 27], but proving optimal sparse approximations for a much larger class of systems belonging to the class
of parabolic molecules.
Our exposition is organized as follows. We begin with a general introduction to
the problem of sparsely representing multivariate data in Section 2. The main issue
with such data is the possible occurrence of anisotropic phenomena, which impair
the otherwise good performance of classical wavelet systems. This motivates the
need for so-called directional representation systems, some classical constructions
of which we present in the next Section 3, namely classical curvelets and shearlets. Here we emphasize their similar approximation performance, which is almost
optimal for cartoon-like images.
After this exposition we turn to parabolic molecules as a unifying framework.
We first establish the basic concepts in Section 4 and state one main result, namely
that the cross-Gramian of two systems of parabolic molecules exhibits a strong offdiagonal decay. This property will become essential in Section 6, where we discuss
the approximation behavior of parabolic molecules. Before moving there, however,
we pause for a while in Section 5 to illustrate the versatility of the framework by
giving some examples. After we have convinced the reader of their applicability,
we then turn to the section on approximation, where we essentially prove that any
two systems of parabolic molecules, which are consistent and have sufficiently high
order, exhibit the same approximation behavior.

2 Representation of Multivariate Data
Most applications require efficient encoding of multivariate data in the sense of
optimal (sparse) approximation rates by a suitable representation system. This is
typically phrased as a problem of best N-term approximation (see Subsection 2.1).
The performance of an approximation scheme is then usually analyzed with respect
to certain subclasses of the Hilbert space L2 (Rd ), which is the standard continuum
domain model for d-dimensional data, in particular, in imaging science. As elaborated upon before, the key feature of most multivariate data is the appearance of
anisotropic phenomena. Hence such a subclass of L2 (Rd ) is required to provide a
suitable model for this fact, which, for d = 2, is fulfilled by the subclass of so-called
cartoon-like images as introduced in Subsection 2.2. It can then be easily seen that
wavelets do not deliver optimal approximation rates (Subsection 2.3), which then
naturally leads to the theory of directional representation systems.
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√
In the sequel, we will use the ‘analyst’s brackets’ hxi := 1 + x2 for x ∈ R. Also,
for two quantities A, B ∈ R, which may depend on several parameters we shall write
A . B, if there exists a constant C > 0 such that A ≤ CB, uniformly in the parameters.
If the converse inequality holds true, we write A & B and if both inequalities hold
we shall write A ≍ B.

2.1 Sparse Approximation
Let us start by briefly discussing some aspects of approximation theory. From a
practical standpoint, a function f ∈ L2 (R2 ) is a rather intractable object. In order
to analyze f , the most common approach is to represent it with respect to some
representation system (mλ )λ ∈Λ ⊆ L2 (R2 ), i.e., to expand f as
f=

∑ c λ mλ ,

(1)

λ ∈Λ

and then consider the coefficients cλ ∈ R. In practice we have to account for noise,
hence it is necessary to ensure the robustness of such a representation. This leads to
the notion of a frame (cf. [9, 8]).
A frame is a generalization of the notion of an orthonormal basis to include redundant systems, while still ensuring stability. More precisely, a system (mλ )λ ∈Λ ⊆
L2 (R2 ) forms a frame for L2 (R2 ), if there exist constants 0 < A ≤ B < ∞ such that
Ak f k22 ≤

∑ |h f , mλ i|2 ≤ Bk f k22

λ ∈Λ

for all f ∈ L2 (R2 ).

A frame is called tight, if A = B is possible, and Parseval, if A = B = 1. Since the
frame operator S : L2 (R2 ) → L2 (R2 ) defined by S f = ∑λ ∈Λ h f , mλ imλ is invertible,
it follows that one sequence of coefficients in (1) – note that for a redundant system
this sequence is not unique anymore – can be computed as
cλ = h f , S−1 mλ i,

λ ∈ Λ,

where (S−1 mλ )λ is usually referred to as the canonical dual frame. This particular
coefficient sequence has the distinct property that it minimizes the ℓ2 -norm.
When representing f with respect to a frame (mλ )λ ⊆ L2 (R2 ), we are confronted
with yet another problem. Since in real world applications infinitely many coefficients are infeasible, the function f has to be approximated by a finite subset of this
system. Letting N be the number of elements allowed in this approximation, we obtain what is called an N-term approximation for f with respect to (mλ )λ . The best
N-term approximation, typically denoted by fN , is optimal among those in terms of
a minimal approximation error and is defined by
fN = argmin k f −
(cλ )λ ∈Λ

N

∑

λ ∈ΛN

cλ mλ k22

subject to

#ΛN ≤ N.
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An appropriate measure for the approximation behavior of a system (mλ )λ for a
subclass C , say, of L2 (R2 ) is the decay of the L2 -error of the best N-term approximation k f − fN k2 as N → ∞, thus the asymptotic approximation rate. As discussed
before, the representation system might not form an orthonormal basis in which case
the computation of the best N-term approximation is far from being understood. The
delicacy of this problem can for instance be seen in [13]. A typical approach to circumvent this problem is to consider instead the N-term approximation by the N
largest coefficients (cλ )λ ∈Λ . It is evident that this error also provides a bound for
the error of best N-term approximation.
There indeed exists a close relation between the N-term approximation rate
achieved by a frame, and the decay rate of the corresponding frame coefficients.
By measuring this decay rate in terms of the ℓ p -(quasi)-norms for p > 0, the following lemma shows that membership of the coefficient sequence to an ℓ p -space
for small p implies ‘good’ N-term approximation rates. For the proof, we refer to
[10, 27].
Lemma 1. Let f = ∑ cλ mλ be an expansion of f ∈ L2 (R2 ) with respect to a frame
(mλ )λ ∈Λ . Further, assume that the coefficients satisfy (cλ )λ ∈ ℓ2/(2k+1) for some
k > 0. Then the best N-term approximation rate is at least of order N −k , i.e.
k f − fN k2 . N −k .

2.2 Image Data and Anisotropic Phenomena
To model the fact that multivariate data appearing in applications is typically governed by anisotropic features – in the 2-dimensional case curvilinear structures –,
the so-called cartoon-like functions were introduced in [11]. This class is by now
widely used as a standard model in particular for natural images. It mimics the fact
that natural images often consist of nearly smooth parts separated by discontinuities,
which is illustrated in Figure 2.2.
The first rigorous mathematical definition was given in [11] and extensively employed starting from the work in [5]. It postulates that images consist of C2 (R2 )regions separated by smooth C2 (R)-curves. This leads to the next definition (see
also Figure 2.2).
Definition 1. The class E 2 (R2 ) of cartoon-like functions is the set of functions f :
R2 → C of the form
f = f 0 + f 1 χB ,
where B ⊂ [0, 1]2 is a set with ∂ B being a continuous and piecewise C2 -curve with
bounded curvature and fi ∈ C2 (R2 ) are functions with supp f0 ⊂ [0, 1]2 and k fi kC2 ≤
1 for each i = 0, 1.
We remark that by now several extensions of this model have been introduced
and studied, starting with the extended model in [26].
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(1)

(2a)

(2b)

Fig. 1 (1): Illustration of the appearance of ‘cartoon-like parts’ in natural images. (2): Illustration of the fact that the human brain is able to deduce the image (2a) just from its ‘cartoon-like’
ingredients (2b).

Fig. 2 Example of a cartoon-like function.

Having agreed on a suitable subclass of functions, one might now ask whether
there exists a maximal asymptotic approximation rate leading to a notion of optimality. Indeed, such a benchmark result was derived by Donoho in [11].
Theorem 1 ([11]). Let (mλ )λ ∈Λ ⊆ L2 (R2 ). Under the assumption of polynomial
depth search for the representation coefficients used in the N-term approximation,
the associated asymptotic approximation rate of some f ∈ E 2 (R2 ) satisfies
k f − fN k22 ≍ N −2

as N → ∞.

It is in this sense that a system satisfying this approximation rate is coined to
deliver optimally sparse approximations.
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2.3 2D Wavelet Systems
Nowadays, wavelet systems are widely utilized representation systems both for theoretical purposes as well as for engineering applications, for instance for the decomposition of elliptic operators or for the detection of anomalies in signals. Their
success stems from the fact that wavelets deliver optimal sparse approximations
for data being governed by isotropic features – which is in particular the case for
elliptic operator equations whose solutions may exhibit point singularities (for instance if re-entrant corners are present in the computational domain) as well as in
the 1-dimensional setting – and from the fast numerical realization of the wavelet
transform.
Let us first recall a certain type of wavelet system in L2 (R2 ), obtained by the
following tensor product construction, see e.g. [30] for details. Starting with a given
multiresolution analysis of L2 (R) with scaling function φ 0 ∈ L2 (R) and wavelet
φ 1 ∈ L2 (R), for every index e = (e1 , e2 ) ∈ E, E = {0, 1}2, the generators ψ e ∈
L2 (R2 ) are defined as the tensor products

ψ e = φ e1 ⊗ φ e2 .
Definition 2. Let φ 0 , φ 1 ∈ L2 (R) and ψ e ∈ L2 (R2 ), e ∈ E, be defined as above. For
fixed sampling parameters τ > 1, c > 0 we define the discrete wavelet system
o
 n
W φ 0 , φ 1 ; τ , c = ψ (0,0) (· − ck) : k ∈ Z2
n
o
∪ τ j ψ e (τ j · −ck) : e ∈ E\{(0, 0)}, j ∈ N0 , k ∈ Z2 .
The associated index set is given by


Λ w = ((0, 0), 0, k) : k ∈ Z2 ∪ (e, j, k) : e ∈ E\{(0, 0)}, j ∈ N0 , k ∈ Z2 .

Next, we recall the definition of vanishing moments for univariate wavelets,
which says that the associated wavelet system annihilates polynomials up to some
degree.
Definition 3. A function g ∈ L2 (R) is said to possess M vanishing moments, if
Z

g(x)xk dx = 0,
R

for all k = 0, . . . , M − 1.

It is well known that this property can be characterized by polynomial decay
near zero of the associated Fourier transform. For the convenience of the reader, we
provide the short proof.
Lemma 2. Suppose that g ∈ L2 (R) ∩C(R) is compactly supported and possesses M
vanishing moments. Then
|ĝ(ξ )| . min (1, |ξ |)M .
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Proof. First, note that, since g is continuous and compactly supported, g ∈ L1 (R)
and hence ĝ is bounded. This shows that the claimed inequality holds for |ξ | ≤ 1.
Let now ξ ∈ R satisfy |ξ | > 1. For this, observe that, up to a constant,
Z

g(x)xk dx =
R



d
dξ

k

ĝ(0).

Since g possesses M vanishing moments, it follows that all derivatives of order
k < M of ĝ vanish at 0. Furthermore, since g is compactly supported, its Fourier
transform is analytic. Thus
|ĝ(ξ )| . |ξ |M ,
⊔
⊓

which proves the claim.

We now assume that φ 0 , φ 1 ∈ L2 (R) satisfy φb0 , φb1 ∈ C∞ (R) and that there are
0 < a and 0 < a1 < a2 such that
supp φb0 ⊂ [−a, a] and supp φb1 ⊂ [−a2 , a2 ]\[−a1, a1 ].

These conditions are fulfilled, for instance, if φ 0 , φ 1 ∈ L2 (R) are the generators of
a Lemarié-Meyer wavelet system. In this case, it is well-known that the associated
tensor product wavelets are indeed suboptimal for approximation of anisotropic features modeled by cartoon-like functions.

Theorem 2. For f ∈ E 2 (R2 ), the wavelet system W φ 0 , φ 1 ; τ , c provides an asymptotic L2 -error of best N-term approximation given by
k f − fN k22 ≍ N −1

as N → ∞.

3 Directional Representation Systems
The reason for the failure of wavelets to provide optimally sparse approximations of
cartoon-like functions is the fact that wavelets are inherently isotropic objects and
thus not optimally suited for approximating anisotropic objects. To overcome this
problem, in recent years various directional representation systems were introduced,
among which are ridgelets, curvelets, and shearlets, to name just a few. Their main
advantage lies in their anisotropic support, which is much better suited to align with
curvilinear structures (see Figure 3), thereby already intuitively promoting a fast
error decay of the best N-term approximation.
In this section, we now first introduce the second generation curvelet system,
which was in fact also the first system to provide (almost) optimally sparse approximations of cartoon-like functions (cf. Subsection 3.1). This is followed by a
discussion of different versions of shearlets in Subsection 3.2.
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(2)

Fig. 3 Approximation of a curve by isotropic-shaped (1) and anisotropic-shaped (2) elements.

3.1 Second Generation Curvelets
Second generation curvelets were introduced in 2004 by Candès and Donoho in the
seminal work [5]. It is this curvelet system which is referred to today when curvelets
are mentioned. The anisotropy of these systems is induced into this system by enforcing a parabolic scaling so that the shape of the support essentially follows the
parabolic scaling law ‘length2 ≈ width’. Intuitively, this seems a compromise between the isotropic scaling, as utilized for wavelets, and scaling in only one coordinate direction, as utilized for ridgelets. However, the reason is much deeper, since
this law is particularly suited for approximating C2 -singularity curves, which is the
type of curves our model is based upon.
We now describe the original construction. For this, let W and V be twowindow
functions, which are both real, nonnegative, C∞ , and supported in 12 , 2 and in
(−1, 1), respectively. We further require that these windows satisfy



1 1
2
j 2
∑ W 2 r = 1 for all r ∈ R+ and ∑ V (t − ℓ) = 1 for all t ∈ − 2 , 2 .
j∈Z
ℓ∈Z
For every scale j ≥ 0, we now define the functions γ( j,0,0) in polar coordinates by

 
γ̂( j,0,0) (r, ω ) := 2−3 j/4W 2− j r V 2⌊ j/2⌋ ω .

For j ∈ Z and θ ∈ T, the parabolic scaling matrix A j and the rotation matrix Rθ are
defined by
 j



2 0
cos(θ ) − sin(θ )
A j :=
and
R
=
.
θ
sin(θ ) cos(θ )
0 2 j/2
The definition of curvelets then reads as follows:


γ( j,ℓ,k) (·) := γ( j,0,0) Rθ j,ℓ · −x j,k ,

0
where θ j,ℓ = ℓ2−⌊ j/2⌋ π , x j,k = A−1
j k, and ( j, ℓ, k) ∈ Λ with set of curvelet indices
given by
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n
o
Λ 0 := ( j, ℓ, k) ∈ Z4 : j ≥ 0, ℓ = −2⌊ j/2⌋−1, . . . , 2⌊ j/2⌋−1 .

(2)

With appropriate modifications for the low-frequency case j = 0 – for details we
refer to [7] –, the system

Γ 0 := γλ : λ ∈ Λ 0

constitutes a Parseval frame for L2 (R2 ), which is customarily referred to as the
frame of second generation curvelets. When identifying frame elements oriented in
antipodal directions, this system becomes a frame with real-valued elements.
Let us next discuss the approximation properties of Γ 0 proved in [5]. Ignoring log-like factors, this frame indeed attains the optimal achievable approximation
rate for the class of cartoon-like functions E 2 (R2 ). Moreover, this rate is achieved
by simple thresholding, which is even more surprising, since this approximation
scheme is intrinsically non-adaptive.
Theorem 3 ([5]). The second generation curvelet frame Γ 0 provides (almost) optimal sparse approximations of cartoon-like functions f ∈ E 2 (R2 ), i.e.,
k f − fN k22 . N −2 (log N)3

as N → ∞,

(3)

where fN is the nonlinear N-term approximation obtained by choosing the N largest
curvelet coefficients of f .
The implicit constant in (3) only depends on the maximal curvature of the singularity curve of f , the number of corner points, and the minimal opening angle in the
corners. In particular, the approximation rate is uniform over all functions whose
singularity curve has maximal curvature bounded by a fixed constant.
Finally we remark that due to the construction the frame elements of Γ 0 are bandlimited functions. Up to now no constructions of compactly supported curvelets are
known.

3.2 Shearlet Systems
Shearlets were introduced in 2006 [19] as the first directional representation system
which not only satisfies the same celebrated properties of curvelets, but is also more
adapted to the digital realm. In fact, shearlets enable a unified treatment of the continuum and digital setting, which allows implementations faithful to the continuum
domain theory. This key property is achieved through utilization of a shearing matrix instead of rotations as a means to parameterize orientation, thereby preserving
the structure of the integer grid. The resulting different tilings of frequency domain
are illustrated in Figure 4.
We next introduce a selection of the variety of available shearlet systems, namely
bandlimited shearlets (Subsection 3.2.1), the so-called smooth Parseval frames of
shearlets (Subsection 3.2.3), and compactly supported shearlets (Subsection 3.2.2).
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(2)

Fig. 4 Frequency tiling induced by a curvelet system (1) and a shearlet system (2).

For a more detailed exposition of shearlets than given below, we refer to the book
[28].

3.2.1 Bandlimited Shearlets
We first present the classical cone-adapted shearlet construction of band-limited
shearlets presented in [19]. It is worth emphasizing that due to the shearing operator,
the frequency domain needs to be split into four cones to ensure an almost uniform
treatment of the different directions, which comes naturally for rotation as a means
to change the orientation (compare Figure 4).
First, let ψ1 , ψ2 ∈ L2 (R) be chosen such that

 

1
1
1 1
supp ψ̂1 ⊂ − , −
∪
, , supp ψ̂2 ⊂ [−1, 1],
2 16
16 2

∑

j≥0

and

2⌊ j/2⌋

∑

l=−2⌊ j/2⌋

ψ̂1 2− j ω



2

1
= 1 for |ω | ≥ ,
8


2
ψ̂2 2⌊ j/2⌋ ω + l
= 1 for |ω | ≤ 1.

Then the classical mother shearlet ψ is defined by
 
ξ2
ψ̂ (ξ ) := ψ̂1 (ξ1 )ψ̂2
.
ξ1

For j, ℓ ∈ Z let now the parabolic scaling matrix A j and the shearing matrix Sℓ be
defined by
 j



2 0
1ℓ
A j :=
and Sℓ :=
.
01
0 2 j/2
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Further, for a domain Ω ⊂ R2 let us define the space
n
o
L2 (Ω )∨ := f ∈ L2 (R2 ) : supp fb ⊂ Ω .

It was then shown in [19] that the system
n
o
Σ 0 := 23 j/4ψ (Sℓ A j · −k) : j ≥ 0, ℓ = −2⌊ j/2⌋ , · · · , 2⌊ j/2⌋ , k ∈ Z2

constitutes a Parseval frame for the Hilbert space L2 (C )∨ on the frequency cone


1 |ξ 2 |
C := ξ : |ξ1 | ≥ ,
≤1 .
8 |ξ 1 |
By reversing the coordinate axes, also a Parseval frame Σ 1 for L2 (C ′ )∨ , where


1 |ξ 1 |
C ′ := ξ : |ξ2 | ≥ ,
≤1 ,
8 |ξ 2 |
can be constructed. Finally, we can consider a Parseval frame

Φ := φ (· − k) : k ∈ Z2

for the Hilbert space L2
dlimited shearlet frame


2 ∨
− 81 , 18
. Combining those systems, we obtain the ban-

Σ := Σ 0 ∪ Σ 1 ∪ Φ .

In [20], it was shown that bandlimited shearlet frames achieve (almost) optimal
sparse approximations for elements of E 2 (R2 ), similar to curvelets and in fact even
with the same log-like factor.
Theorem 4 ([20]). The bandlimited shearlet frame Σ provides (almost) optimal
sparse approximations of cartoon-like functions f ∈ E 2 (R2 ), i.e.,
k f − fN k22 . N −2 (log N)3

as N → ∞,

where fN is the nonlinear N-term approximation obtained by choosing the N largest
shearlet coefficients of f .

3.2.2 Smooth Parseval Frames of Shearlets
Following [22], a slight modification of the bandlimited shearlet construction,
namely by carefully glueing together boundary elements along the seamlines with
angle π /4, yields a Parseval frame with smooth and well-localized elements.
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3.2.3 Compactly Supported Shearlets
In 2011, compactly supported shearlets were introduced by one of the authors and
her collaborators in [27]. Currently known constructions of compactly supported
shearlets involve separable generators, i.e.,

ψ (x1 , x2 ) := ψ1 (x1 )ψ2 (x2 ),

e (x1 , x2 ) := ψ (x2 , x1 ).
ψ

(4)

with a wavelet ψ1 and a scaling function ψ2 . Following [27], the cone-adapted discrete shearlet system is then defined as follows, where A j := diag(2 j , 2 j/2 ) as before
e j := diag(2 j/2 , 2 j ).
and A
Definition 4. For some fixed sampling
parameter c > 0, the cone-adapted discrete

e ; c generated by φ , ψ , ψ
e ∈ L2 (R2 ) is defined by
shearlet system SH φ , ψ , ψ

e (ψ
e ; c = Φ (φ ; c) ∪ Ψ (ψ ; c) ∪ Ψ
e ; c),
SH φ , ψ , ψ

where

Φ (φ ; c) = {σk = φ (· − k) : k ∈ cZ2 },

Ψ (ψ ; c) = σ j,ℓ,k = 23 j/4ψ (Sℓ A j · −k) : j ≥ 0, |ℓ| ≤ ⌈2 j/2 ⌉, k ∈ cZ2 ,

e (ψ
e j · −k) : j ≥ 0, |ℓ| ≤ ⌈2 j/2 ⌉, k ∈ cZ2 .
e ; c) = σe j,ℓ,k = 23 j/4ψ
e (SℓT A
Ψ

e this shearlet system forms a frame with
Under certain assumptions on c, ψ , ψ
controllable frame bounds [24].
In [27], it was shown that compactly supported shearlet frames, under assumptions on the separable behavior and the directional vanishing moments of the generators, also achieve (almost) optimal sparse approximations for elements of E 2 (R2 ).
e ∈ L2 (R2 ) be compactly supported. SupTheorem 5 ([27]). Let c > 0 and let φ , ψ , ψ
pose that, in addition, for all ξ = (ξ1 , ξ2 ) ∈ R2 , the shearlet ψ satisfies

(i) |ψ̂ (ξ )| ≤ C1 min(1, |ξ1 |α ) min(1, |ξ1 |−γ ) min(1, |ξ2 |−γ ) and

 −γ
(ii) ∂∂ξ ψ̂ (ξ ) ≤ |h(ξ1 )| 1 + ξξ2
,
2

1

where α > 5, γ ≥ 4, h ∈ L1 (R), and C1 is a constant, and suppose that the shearlet
e satisfies (i) and (ii) with the roles of ξ1 and ξ2 reversed. Further, suppose that
ψ
e ; c) forms a frame for L2 (R2 ).
SH(φ , ψ , ψ
e ; c) provides (almost) optimal sparse approxThen the shearlet frame SH(φ , ψ , ψ
imations of cartoon-like functions f ∈ E 2 (R2 ), i.e.,
k f − fN k22 . N −2 (log N)3

as N → ∞,

where fN is the nonlinear N-term approximation obtained by choosing the N largest
shearlet coefficients of f .
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With this theorem we end our presentation of directional representation systems,
although there do exist more constructions. It is a striking fact, that the three presented examples all exhibit the same approximation behavior, although they are
construction-wise quite different. The framework of parabolic molecules, which we
will present in the subsequent sections, will reveal the fundamental common ingredients in these systems which ensure (almost) optimal sparse approximations of
cartoon-like functions.

4 Parabolic Molecules
The concept of parabolic molecules took shape by distilling the essential principles,
which underly many of the newly constructed directional representation systems, in
particular curvelets and shearlets. It provides a framework, which comprises many
of these classic systems, and allows the design of new constructions with pre-defined
approximation properties.
Moreover, the approximation properties of some new system are usually proven
more or less from scratch. By adopting the higher level viewpoint of time-frequency
localization, the parabolic molecule framework is very general and independent of
specific constructions. This has the advantage, that it enables a unified treatment of
many systems. In particular, it can be used to establish approximation results for
many systems simultaneously.
A system of parabolic molecules consists of functions, obtained from a set of
generators via parabolic dilations, rotations and translations. Similar to curvelets,
each function in a system of parabolic molecules is therefore naturally associated
with a certain scale, orientation and spatial location.
A central feature of the framework, which explains the terminology ‘molecules’,
is the concept of variable generators: In order to gain flexibility the generators are
allowed to vary, as long as they obey a prescribed time-frequency localization. At
the heart of this is the fundamental observation that it is foremost the time-frequency
localization, which determines the approximation properties and performance of a
system.
A nice side-effect of this less rigid construction principle is the fact that the strict
vanishing moment conditions, usually imposed on the generators of classical constructions, can be relaxed without changing the asymptotic approximation behavior
of the system. It suffices to require the moments to vanish asymptotically at high
scales.

4.1 Definition of Parabolic Molecules
Let us now delve into the details of the framework of parabolic molecules. A system
of parabolic molecules is a family of functions (mλ )λ ∈Λ obtained from a set of
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generators via parabolic dilations, rotations and translations. Each function mλ is
therefore associated with a unique point in the parameter space P, sometimes also
referred to as phase space, given by
P := R+ × T × R2,
where a point p = (s, θ , x) ∈ P specifies a scale 2s ∈ R+ , an orientation θ ∈ T, and
a location x ∈ R2 .
The relation between the index λ of a molecule mλ and its location (sλ , θλ , xλ )
in the parameter space P is described via so-called parametrizations.
Definition 5. A parametrization consists of a pair (Λ , ΦΛ ), where Λ is a discrete
index set and ΦΛ is a mapping

ΦΛ : Λ → P,

λ 7→ (sλ , θλ , xλ ) ,

which associates with each λ ∈ Λ a scale sλ , a direction θλ and a location xλ ∈ R2 .
By using parametrizations, the actual indices of the molecules can be de-coupled
from their associated locations in P. This gives the freedom to assign generic indices
to the molecules, a feature, which is essential to include systems into the framework, whose constructions are based on different principles, like e.g. shearlet-like
and curvelet-like systems. Another benefit of this approach is that a parameterization does not have to sample phase space in a regular fashion. The only property it
needs to satisfy for our results to be applicable is consistency as defined below in
Subsection 6.2.
Before defining parabolic molecules we fix the following notation. As defined
in Section 3, let Rθ denote the rotation matrix by an angle θ , and A j the parabolic
scaling matrix associated with j ≥ 0.
Definition 6. Let Λ be a parametrization. A family (mλ )λ ∈Λ of functions mλ ∈
L2 (R2 ) is called a family of parabolic molecules of order (R, M, N1 , N2 ) if it can be
written as

mλ (x) = 23sλ /4 a(λ ) Asλ Rθλ (x − xλ )
such that


M
∂ β â(λ ) (ξ ) . min 1, 2−sλ + |ξ1 | + 2−sλ /2 |ξ2 | h|ξ |i−N1 hξ2 i−N2

(5)

for all |β | ≤ R. The implicit constants shall be uniform over λ ∈ Λ .

Remark 1. To simplify notation we did not explicitly refer to the utilized parametrization ΦΛ .
Notice that a system of parabolic molecules (mλ )λ ∈Λ is generated by parabolically scaling, rotating and translating a set of generators (a(λ ) )λ ∈Λ . In contrast
to many classical constructions, where the set of generators is usually small, each
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molecule is allowed to have its own individual generator. We only require these
generators to uniformly obey a prescribed time-frequency localization.
Let us remark, that for convenience the time-frequency conditions in the definition are formulated on the Fourier side. Thus, the number R actually describes the
spatial localization, M the number of directional (almost) vanishing moments and
N1 , N2 describe the smoothness of an element mλ .
According to the definition the frequency support of a parabolic molecule is concentrated in a parabolic wedge associated to a certain orientation, and in the spatial
domain its essential support lies in a rectangle with parabolic aspect ratio. For illustration purposes, the approximate frequency support of two parabolic molecules at
different scales and orientations is depicted in Figure 5.

(1)

(2)
M

Fig. 5 (1): The weight function min
+ | ξ1
h|ξ |i−N1 hξ2 i−N2 for sλ = 3,
2|
M = 3, N1 = N2 = 2. (2): Approximate Frequency support of a corresponding molecule m̂λ with
θλ = π /4.
1, 2−sλ

| + 2−sλ /2 |ξ

Changing into polar coordinates we obtain the representation


m̂λ (r, ϕ ) = 2−3sλ /4 â(λ ) 2−sλ r cos(ϕ + θλ ), 2−sλ /2 r sin(ϕ + θλ ) exp (2π ihxλ , ξ i) ,

which directly implies the estimate

M −s
|m̂λ (ξ )| . 2−2sλ /4 min 1, 2−sλ (1 + r)
2 λr

−N1

h2−sλ /2 r sin(ϕ + θλ )i−N2 .

4.2 Index Distance
An essential ingredient for the theory is the fact that the parameter space P can be
equipped with a natural (pseudo-)metric. It was first introduced by Hart-Smith [29],
albeit in a different context, and is therefore sometimes termed the Hart-Smith
pseudo metric. Later it was also used in [3].
Definition 7. Following [3, 29], we define for two indices λ , µ the index distance
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ω (λ , µ ) := 2|sλ −sµ | 1 + 2sλ0 d (λ , µ ) ,
d (λ , µ ) := |θλ − θµ |2 + |xλ − xµ |2 + |heλ , xλ − xµ i|.

where λ0 = argmin(sλ , sµ ) and eλ = (cos(θλ ), sin(θλ ))⊤ .
Remark 2. The notation ω (λ , µ ) is a slight abuse of notation, since ω is acting on
P. Therefore it should read
ω (ΦΛ (λ ), Φ∆ (µ ))
for indices λ ∈ Λ , µ ∈ ∆ with associated parametrizations ΦΛ , Φ∆ . In order not to
overload the notation we stick with the shorter but slightly less accurate definition.
Remark 3. We also mention that there is a slight inaccuracy in the above definition.
Real-valued curvelets or shearlets are not associated with an angle but with a ray,
i.e., θ and θ + π need to be identified. This is not reflected in the above definition. The ‘correct’ definition should assume that |θλ | ≤ π2 ∈ P1 , the projective line.
Therefore, it should read
d (λ , µ ) := |{θλ − θµ }|2 + |xλ − xµ |2 + |hθλ , xλ − xµ i|
∼ (−π /2, π /2]. However, for our results
with {ϕ } being the projection of ϕ onto P1 =
it will make no difference which definition is used. Thus we decided to employ
Definition 7, which avoids additional technicalities.
We point out that the Hart-Smith pseudo metric is not a distance in the strict
sense, e.g. we have ω (λ , λ ) = 1 6= 0. As we shall see later, it somehow measures the
correlation of a pair of parabolic molecules associated to the corresponding points
in P. The following proposition, whose proof can be found in [3], collects some of
its properties.
Proposition 1 ([3]). For indices λ , µ , ν we have
(i) Symmetry: ω (λ , µ ) ≍ ω (µ , λ ).
(ii) Triangle Inequality: d(λ , µ ) ≤ C (ω (λ , ν ) + ω (ν , µ )) for some constant C > 0.
(iii) Composition: For every integer N > 0 and some positive constant CN it holds

∑ ω (λ , ν )−N ω (ν , µ )−N ≤ CN ω (λ , µ )−N−1 .
ν

4.3 Decay of the Cross-Gramian
Given two systems (mλ )λ ∈Λ and (pµ )µ ∈∆ of parabolic molecules we are interested
in the magnitudes of the cross-correlations |hmλ , pµ i|. A fast decay will be key
to, for instance, transferring sparse approximation properties from one system of
parabolic molecules to another.

18

P. Grohs, S. Keiper, G. Kutyniok, and M. Schäfer

The following theorem establishes a relation to the index distance on P. It states,
that a high distance of two indices can be interpreted as a low cross-correlation of
the associated molecules. The proof is quite technical and we refer to [17] for the
details.
Theorem 6 ([17]). Let (mλ )λ ∈Λ , (pµ )µ ∈∆ be two systems of parabolic molecules of
order (R, M, N1 , N2 ) with
R ≥ 2N,

5
M > 3N − ,
4

Then
mλ , p µ

3
N1 ≥ N + ,
4

N2 ≥ 2N.

−N
. ω (sλ , θλ , xλ ), (sµ , θµ , xµ )
.

This result shows that the Gramian matrix between two systems of parabolic
molecules satisfies a strong off-diagonal decay property and is in that sense very
close to a diagonal matrix. In Section 6 we will present several immediate applications of this result, most notably for the approximation properties of parabolic
molecules.

5 Examples of Parabolic Molecules
Before going deeper into the theory of parabolic molecules and further exploring
their properties, we pause for a while and give some examples for illustration. This
will give evidence about the versatility of the concept. In particular, we show that
both rotation-based and shear-based constructions fit well into the framework. It will
also be proven that earlier constructions, which also employ the ‘molecule’ concept,
can be viewed as subclasses of the more general parabolic molecules.

5.1 Curvelet-Like Systems
We begin with the review of curvelet-like systems, i.e. constructions based on rotation. Due to their similar construction principles, it may not come as a surprise that
second generation curvelets are instances of parabolic molecules. It is also easily
verified that curvelet molecules as defined in [3] fall into this framework.

5.1.1 Second Generation Curvelets
We start by specifying the parametrization, which we utilize for fitting second generation curvelets into the framework of parabolic molecules.
Definition 8. Let
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n
o
Λ 0 := ( j, ℓ, k) ∈ Z4 : j ≥ 0, ℓ = −2⌊ j/2⌋−1, · · · , 2⌊ j/2⌋−1 ,

be the curvelet index from (2) and define Φ 0 : Λ 0 → P by

Φ 0 ( j, ℓ, k) := ( j, ℓ2−⌊ j/2⌋ π , R−θλ A−sλ k).
Then (Λ 0 , Φ 0 ) is called the canonical parametrization.
We next prove that the frame Γ 0 of second generation curvelets as defined in
Subsection 3.1 forms a system of parabolic molecules of arbitrary order.
Proposition 2 ([17]). The second generation curvelet frame Γ 0 constitutes a system
of parabolic molecules of arbitrary order associated with the canonical parametrization.
Proof. Let λ ∈ Λ 0 . Due to rotation invariance, we may restrict ourselves to the case
θλ = 0. Therefore, denoting γ j := γ( j,0,0) , it is sufficient to prove that the function


a(λ )(·) := 2−3sλ /4 γ j A−1
sλ ·

satisfies (5) for (R, M, N1 , N2 ) arbitrary. For this, first note that

â(λ ) (·) = 23sλ /4 γ̂ j Asλ · .

The function â(λ ) , together with all its derivatives has compact support in a rectangle
away from the ξ1 -axis. Therefore, it only remains to show that, on its support, the
function â(λ ) has bounded derivatives, with aq
bound independent of j. But this follows from elementary arguments, using r = ξ12 + ξ22 , ω = arctan (ξ2 /ξ1 ), which
yields
â(λ ) (ξ ) = γ̂( j,0,0) (A j ξ ) = W (α j (ξ ))V (β j (ξ )) ,


q
ξ2
−j
j/2
2
2
2
j
j
α j (ξ ) := 2
2 ξ1 + 2 ξ2 and β j (ξ ) := 2 arctan
.
2 j/2 ξ1
By a straightforward calculation, all derivatives of α j and β j are bounded on the
support of â(λ ) and uniformly in j. The proposition is proved.
⊓
⊔
5.1.2 Hart Smith’s Parabolic Frame
Historically, the first instance of a decomposition into parabolic molecules can be
found in Hart Smith’s work on Fourier Integral Operators and Wave Equations [29].
This frame, as well as its dual, again forms a system of parabolic molecules of arbitrary order associated with the canonical parametrization. We refer to [29, 1] for the
details of the construction which is essentially identical to the curvelet construction,
with primal and dual frame being allowed to differ. The same discussion as above
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for curvelets shows that also this system is a special instance of the framework of
parabolic molecules.

5.1.3 Borup and Nielsen’s Construction
Another very similar construction has been given in [2]. In this paper, the focus
has been on the study of associated function spaces. Again, it is straightforward to
prove that this system constitutes a system of parabolic molecules of arbitrary order
associated with the canonical parametrization.

5.1.4 Curvelet Molecules
The final concept of parabolic molecules had many predecessors. In [3] the authors also employed the idea of molecules and introduced the notion of curvelet
molecules. It proved to be a useful concept for showing sparsity properties of wave
propagators. Let us first give their exact definition.
Definition 9. Let Λ 0 be the canonical parametrization. A family (mλ )λ ∈Λ 0 is called
a family of curvelet molecules of regularity R, if it can be written as

mλ (x) = 23sλ /4 a(λ ) Asλ Rθλ (x − xλ )

such that, for all |β | ≤ R and each N = 0, 1, 2, . . . ,

|∂ β a(λ ) (x)| . hxi−N
and, for all M = 0, 1, 2, . . . ,

M
|â(λ ) (ξ )| . min 1, 2−sλ + |ξ1 | + 2−sλ /2 |ξ2 | .

This definition is similar to our definition of parabolic molecules, however with
two crucial differences: First, (5) allows for arbitrary rotation angles and is therefore
more general. Curvelet molecules on the other hand are only defined for the canonical parametrization Λ 0 (which, in contrast to our definition, is not sufficiently general to also cover shearlet-type systems). Second, the decay conditions analogous
to our condition (5) are more restrictive in the sense that it requires infinitely many
nearly vanishing moments.
In fact, the following result can be proven using similar arguments as for Proposition 2.
Proposition 3 ([17]). A system of curvelet molecules of regularity R constitutes a
system of parabolic molecules of order (∞, ∞, R/2, R/2).
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5.2 Shearlet-Like Systems
It is perhaps not surprising that curvelets and their relatives described above fall
into the framework of parabolic molecules. However, we will next show that even
shearlets as a very different directional representation system are examples of
parabolic molecules. In this regard we would like to draw the reader’s attention
to the parametrization chosen for fitting shearlets into this framework.

5.2.1 Shearlet Molecules
Shearlet molecules as introduced in [17] provide a framework for shearlet-like systems in the spirit of curvelet molecules. For their definition we require the index
set
n
o
Λ σ := (ε , j, l, k) ∈ Z2 × Z4 : ε ∈ {0, 1}, j ≥ 0, ℓ = −2⌊ j/2⌋ , · · · , 2⌊ j/2⌋
(6)

e j,ℓ,k ∈ L2 (R2 ) for ( j, ℓ, k) ∈ Λ σ . The associated
and generating functions φ , ψ j,ℓ,k , ψ
shearlet system
Σ := {σλ : λ ∈ Λ σ } ,
is then defined by setting σ(ε ,0,0,k) (·) = φ (· − k) and for j ≥ 1:

σ(0, j,ℓ,k) (·) = 23 j/4ψ j,ℓ,k A j Sℓ, j · −k ,


T
e j Sℓ,
e j,ℓ,k A
σ(1, j,ℓ,k) (·) = 23 j/4ψ
·
−k
.
j

Here Sℓ, j denotes the shearing matrix
Sℓ, j :=



1 ℓ2−⌊ j/2⌋
0
1



.

We proceed to define shearlet molecules of order (R, M, N1 , N2 ), which is a generalization of shearlets adapted to parabolic molecules, in particular including the
classical shearlet molecules introduced in [21], see Subsection 5.2.5.
Definition 10. We call Σ a system of shearlet molecules of order (R, M, N1 , N2 ), if
the functions ψ j,ℓ,k satisfy

and


M
|∂ β ψ̂ j,ℓ,k (ξ1 , ξ2 )| . min 1, 2− j + |ξ1 | + 2− j/2|ξ2 | h|ξ |i−N1 hξ2 i−N2

(7)

|∂ β φ̂ (ξ1 , ξ2 )| . h|ξ |i−N1 hξ2 i−N2

(8)

e j,ℓ,k satisfy (7) with the roles
for every β ∈ N with |β | ≤ R, and if the functions ψ
of ξ1 and ξ2 reversed.
2
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Remark 4. In our proofs it is nowhere required that the directional parameter ℓ runs
between −2⌊ j/2⌋ and −2⌊ j/2⌋ . Indeed, ℓ running in any discrete interval −C2⌊ j/2⌋ ,
. . . , C2⌊ j/2⌋ would yield the exact same results, as a careful inspection of our arguments shows. Likewise, in certain shearlet constructions, the translational sampling
runs not through k ∈ Z2 , but through τ Z2 with τ > 0 a sampling constant. Our results are also valid for this case with similar proofs. The same remark applies to all
curvelet-type constructions.
Now we can show the main result of this section, namely that shearlet systems
with generators satisfying (7) and (8) are actually instances of parabolic molecules
associated with a specific shearlet-adapted parametrization (Λ σ , Φ σ ). This result
shows that the concept of parabolic molecules is indeed a unification of in particular
curvelet and shearlet systems.
Proposition 4 ([17]). Assume that the shearlet system Σ constitutes a system of
shearlet molecules of order (R, M, N1 , N2 ). Then Σ forms a system of parabolic
molecules of order (R, M, N1 , N2 ), associated to the parametrization (Λ σ , Φ σ ),
e j , S0 = Sℓ, j , S1 = ST the map Φ σ is given by
where with A0j = A j , A1j = A
ℓ, j
ℓ, j
ℓ, j

Φ σ (λ ) = (sλ , θλ , xλ ) :=




 −1

ε
ε −1
j, επ /2 + arctan(−ℓ2−⌊ j/2⌋), Sℓ,
A
k
.
j
j

Proof. We confine the discussion to ε = 0, the other case being the same. Further,
we will suppress the subscripts j, ℓ, k in our notation. We need to show that


a(λ )(·) := ψ Asλ Sℓ,sλ RTθλ A−sλ ·

satisfies (5).
We first observe that the Fourier transform of a(λ ) is given by


−T T
â(λ ) (·) = ψ̂ A−sλ Sℓ,s
Rθλ Asλ · ,
λ

−T T
and the matrix Sℓ,s
Rθλ has the form
λ

−T T
Sℓ,s
Rθλ =
λ



cos(θλ )
sin(θλ )
0
−ℓ2−⌊sλ /2⌋ sin(θλ ) + cos(θλ )



=:




u v
.
0w

We next claim that the quantities u and w are uniformly bounded from above and
below, independent of j, ℓ. To prove this claim, consider the functions

τ (x) := cos(arctan(x)) and ρ (x) := x sin(arctan(x)) + cos(arctan(x)),
which are bounded from above and below on [−1, 1], as elementary arguments show.
In fact, this boundedness holds on any compact interval. We have




u = τ −ℓ2⌊sλ /2⌋
and w = ρ −ℓ2⌊sλ /2⌋ .
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Since we are only considering indices with ε = 0, we have −ℓ2⌊sλ /2⌋ ≤ 1, which
now implies uniform upper and lower boundedness of the quantities u, w. Hence,
there exist constants 0 < δu ≤ ∆u < ∞ and 0 < δw ≤ ∆w < ∞ such that for all j, ℓ it
holds
δu ≤ u ≤ ∆u and δw ≤ w ≤ ∆w .
−T
Observing that the matrix A−sλ RTθ Sℓ,s
Asλ has the form
λ



λ


u 2−sλ /2 v
,
0 w

and by using the upper boundedness of u, v, w and the chain rule, for any |β | ≤ R,
we obtain
 −s /2  

M
u2 λ v
β (λ )
γ
|∂ â (ξ )| . sup ∂ ψ̂
ξ . |ξ1 | + 2−sλ /2 |ξ2 | .
0 w
|γ |≤R
For the last estimate we utilized the moment estimate for ψ̂ , which is given by (7).
This proves the moment property required in (5).
Finally, we need to show the decay of ∂ β â(λ ) for large frequencies ξ . Again, due
to the fact that u, v, w are bounded from above and u, w from below, and utilizing the
large frequency decay estimate in (7), we can estimate
 −s /2  
u2 λ v
|∂ β â(λ ) (ξ )| . sup ∂ γ ψ̂
ξ
0 w
|γ |≤R
  −s /2  −N1
u2 λ v
.
ξ
hwξ2 i−N2
0 w
. h|ξ |i−N1 hξ2 i−N2 .

The statement is proven.

⊔
⊓

In the remainder of this section we examine the main shearlet constructions
which are known today and show that they indeed fit into the framework of parabolic
molecules.

5.2.2 Classical Shearlets
For the band-limited shearlet system Σ defined in Subsection 3.2.1, the following
results can be shown using Proposition 4.
Proposition 5 ([17]). The system Σ := Σ 0 ∪ Σ 1 ∪ Φ constitutes a shearlet frame
which is a system of parabolic molecules of arbitrary order.
It is also straightforward to check that the related Parseval frame constructed in
[22] constitutes a system of parabolic molecules of arbitrary order.
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5.2.3 Bandlimited Shearlets with Nice Duals
The bandlimited shearlet frame Σ as described above suffers from the fact that its
dual frames are unknown. In particular, it is not known whether, in general, there
exists a dual frame which also forms a system of parabolic molecules. In particular
for applications, such a construction is however required. For general frames Σ of
parabolic molecules it can be shown that the canonical dual frame Σ ′ constitutes a
system of parabolic molecules of lower order [16]. However, the result of that paper
is mostly of a qualitative nature and in particular it is difficult to compute the order
of the dual frame for a given construction. In [15] this problem was successfully
resolved by carefully glueing together the two bandlimited frames associated with
the two frequency cones. The result in this paper in fact provides a construction of
shearlet frames Σ with a dual frame Σ ′ such that both Σ and Σ ′ form systems of
parabolic molecules of arbitrary order.

5.2.4 Compactly Supported Shearlets
Again by using the general result Proposition 4, it can be shown that the compactly
supported shearlets as introduced in Subsection 3.2.3 also constitute a system of
parabolic molecules, this time with the order being dependent in a more delicate
way on the chosen generators.
Proposition 6 ([17]). Assume that ψ1 ∈ CN1 is a compactly supported wavelet with
M + R vanishing moments, and ψ2 ∈ CN1 +N2 is also compactly supported. Then,
e defined by (4), the associated shearlet system Σ constitutes a system
with ψ and ψ
of parabolic molecules of order (R, M, N1 , N2 ).

e could be weakened,
We remark that several assumptions on the generators ψ , ψ
for instance the separability of the shearlet generators is not crucial for the arguments of the associated proof. More precisely, neither compact support nor bandlimitedness is necessary.

5.2.5 Shearlet Molecules of [21]
In [21] the results of [3] are established for shearlets instead of curvelets. A crucial
tool in the proof is the introduction of a certain type of shearlet molecules which are
similar to curvelet molecules discussed above, but tailored to the shearing operation
rather than rotations.
ε be defined
Definition 11. Let Λ σ be the shearlet index set as in (6) and Aεj , Sℓ,
j
as in Proposition 4. A family (mλ )λ ∈Λ σ is called a family of shearlet molecules of
regularity R, if it can be written as


ε
mλ (x) = 23sλ /4 a(λ ) Aεj Sℓ,
jx − k ,
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such that, for all |β | ≤ R and each N = 0, 1, 2, . . . ,
|∂ β a(λ ) (x)| . hxi−N
and, for all M = 0, 1, 2, . . . ,

M
|â(λ ) (ξ )| . min 1, 2−sλ + |ξ1 | + 2−sλ /2 |ξ2 | .

By the results in [21], the shearlet molecules defined therein satisfy the inequality
(7) with the choice of parameters (R, N, N1 , N2 ) = (∞, ∞, R/2, R/2). Therefore, in
view of Proposition 4, shearlet molecules of regularity R as defined in [21] form
systems of parabolic molecules of order (∞, ∞, R/2, R/2).
Proposition 7 ([17]). A system of shearlet molecules of regularity R constitutes a
system of parabolic molecules of order (∞, ∞, R/2, R/2).

6 Sparse Approximation with Parabolic Molecules
This section is devoted to one prominent application of the framework of parabolic
molecules, and, in particular, the result of the decay of the cross-Gramian (Theorem
6), namely to sparse approximation behavior. This result will also show that the
viewpoint of time-frequency localization as adopted by the framework of parabolic
molecules provides the right angle to view questions of approximation behavior.
After introducing a measure for determining similar sparsity behavior, two main
results will be presented: First, it will be shown that any two systems of parabolic
molecules, which are consistent in a certain sense made precise later, of sufficiently
high order exhibit the same approximation behavior. Second, by linking an arbitrary system to the curvelet frame, we obtain a ‘stand-alone result’ in the sense of
sufficient conditions on the order of a system of parabolic molecules for providing
(almost) optimally sparse approximations of cartoon-like functions.

6.1 Sparsity Equivalence
In light of Lemma 1, two frames should possess similar sparse approximation behavior, provided that the corresponding coefficient sequences have the same sparsity. This gave rise to the notion of sparsity equivalence from [17], which is a useful
tool to compare such behavior. It is based on the close connection between the best
N-term approximation rate of a frame and the ℓ p -(quasi-)norm of the associated
coefficient sequence.
Definition 12. Let (mλ )λ ∈Λ and (pµ )µ ∈∆ be systems of parabolic molecules and let
0 < p ≤ 1. Then (mλ )λ ∈Λ and (pµ )µ ∈∆ are sparsity equivalent in ℓ p , if
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hmλ , pµ i λ ∈Λ ,µ ∈∆

ℓ p →ℓ p

< ∞.

Intuitively, systems of parabolic molecules being in the same sparsity equivalence class have similar approximation properties. This will subsequently be elaborated more deeply.

6.2 Consistency of Parametrizations
The next goal will be to find conditions which ensure that two systems of parabolic
molecules are sparsity equivalent. It seems clear from an intuitive viewpoint that this
requires some ‘consistency’ of the associated parametrizations. The next definition
provides the correct notion for making this mathematically precise.
Definition 13. Two parametrizations (Λ , ΦΛ ) and (∆ , Φ∆ ) are called k-consistent
for k > 0, if
sup

∑ ω (λ , µ )−k < ∞

λ ∈Λ µ ∈∆

and

sup

∑ ω (λ , µ )−k < ∞.

µ ∈∆ λ ∈Λ

In combination with Theorem 6, consistency is the essential tool to decide
whether two frames of parabolic molecules are sparsity equivalent. We emphasize
that although the original definition of systems of parabolic molecules does not require those system to form a frame, in the context of approximation theory, however,
the frame property becomes important.
The following result states a sufficient condition for sparsity equivalence.
Theorem 7 ([17]). Two frames (mλ )λ ∈Λ and (pµ )µ ∈∆ of parabolic molecules of
order (R, M, N1 , N2 ) with k-consistent parametrizations for some k > 0, are sparsity
equivalent in ℓ p , 0 < p ≤ 1, if
k
R≥2 ,
p

k 5
M>3 − ,
p 4

N1 ≥

k 3
+ ,
p 4

k
and N2 ≥ 2 .
p

Proof. By Schur’s test, a well-known result from operator theory, we have

hmλ , pµ i λ ∈Λ ,µ ∈∆

ℓ p →ℓ p

≤ max sup

∑ |hmλ , pµ i|

, sup

∑ |hmλ , pµ i|

, sup

∑ ω (λ , µ )

p

µ ∈∆ λ ∈Λ

λ ∈Λ µ ∈∆

p

!1/p

.

By Theorem 6, this implies that

hmλ , pµ i λ ∈Λ ,µ ∈∆

ℓ p →ℓ p

. max sup

∑ ω (λ , µ )

µ ∈∆ λ ∈Λ

−k

λ ∈Λ µ ∈∆

−k

!1/p

.
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But the term on the right hand side is finite, due to the k-consistency of the
parametrizations (Λ , ΦΛ ) and (∆ , Φ∆ ). This proves that (mλ )λ ∈Λ and (pµ )µ ∈∆ are
sparsity equivalent in ℓ p .
⊔
⊓
Thus, as long as the parametrizations are consistent, the sparsity equivalence can
be controlled by the order of the molecules.
In the remainder, we fix the frame of second generation curvelets Γ 0 from Section 3.1 as a reference frame. Recall that with respect to the canonical parametrization (Λ 0 , ΦΛ 0 ), this frame constitutes a system of parabolic molecules, justifying
the following definition.
Definition 14. A parametrization (Λ , ΦΛ ) is called k-admissible for k > 0, if it is
k-consistent with the canonical parametrization (Λ 0 , ΦΛ 0 ).
Before stating our main results, it seems natural to ask whether the curvelet and
shearlet parametrization are k-admissible. This is the content of the next two lemmata.
Lemma 3 ([17]). The canonical parametrization (Λ 0 , ΦΛ 0 ) is k-admissible for all
k > 2.
Proof. Writing sµ = j′ in the definition of ω ( µ , λ ), we need to prove that

∑

∑

j∈Z+ λ ∈Λ 0 ,sλ = j


−k
′
′
2−k| j− j | 1 + 2min( j, j ) d(µ , λ )
< ∞.

(9)

By [3, Equation (A.2)], for any q, we have

∑

λ ∈Λ 0 ,s

(1 + 2qd(µ , λ ))−2 . 22( j−q)+ .

(10)

λ=j

Hence, for each k > 2, (9) can be estimated by

∑ 2−k| j− j | 22| j− j | < ∞,
′

′

j≥0

⊔
⊓

which finishes the proof.

Lemma 4 ([17]). The shearlet parametrization (Λ σ , Φ σ ) is k-admissible for k > 2.
Proof. The proof follows the same arguments as the proof of Lemma 3, except
deriving the analogue to (10), i.e.,

∑
σ

λ ∈Λ ,sλ = j

(1 + 2qd(µ , λ ))−2 . 22( j−q)+ ,

for any q and µ ∈ Λ 0 ,

(11)

requires a bit more work.
Without loss of generality we assume that θµ = 0 and xµ = 0. Also, we only
restrict ourselves to the case ε = 0, the other case being exactly the same. In the
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case q > j, the term on the left hand side of (11) can be bounded by a uniform
constant.
Thus, it remains to deal with the j ≥ q. Now we use the fact that, whenever
|ℓ| . 2− j/2 , we have


arctan −ℓ2−⌊ j/2⌋ & ℓ2−⌊ j/2⌋ and |Sℓ−1 A− j k| & |A− j k|,

to estimate (11) by



−2
2
2
q
−⌊ j/2⌋
−⌊ j/2⌋
−j
−⌊ j/2⌋
−⌊ j/2⌋
+ 2
k2 + 2 k1 − ℓ2
k2 2
.
∑ ∑ 1 + 2 ℓ2
ℓ

k

This can be interpreted as a Riemann sum and is bounded (up to a constant) by the
corresponding integral
Z

dx
R2

2−3 j/2

Z

−2
dy
1 + 2q(y2 + x22 + |x1 − x2 y|)
,
−
j/2
2
R

compare [3, Equation (A.3)]. This integral is bounded by C × 22( j−q) as can be
seen by the substitution x1 → 2q x1 , x2 → 2q/2 x2 , y → 2q/2 y. This yields (11), which
completes the proof.
⊔
⊓

6.3 Sparse Approximations
The next theorem now states the central fact that any system of parabolic molecules
of sufficiently high order, whose parametrization is k-admissible, is sparsity equivalent to the second generation curvelet frame from Subsection 3.1. This theorem can
interpreted as a means to transfer sparse approximation results from one system of
parabolic molecules to another one, which is also key to Theorem 9.
Theorem 8 ([17]). Assume that 0 < p ≤ 1, (Λ , ΦΛ ) is a k-admissible parametrization, and Γ 0 = (γλ )λ ∈Λ 0 the tight frame of bandlimited curvelets. Further, assume that (mλ )λ ∈Λ is a system of parabolic molecules associated with Λ of order
(R, M, N1 , N2 ) such that
k
R≥2 ,
p

k 5
M>3 − ,
p 4

N1 ≥

k 3
+ ,
p 4

k
N2 ≥ 2 .
p

Then (mλ )λ ∈Λ is sparsity equivalent in ℓ p to Γ 0 .
Recall that it was shown by Donoho in [11] (cf. Theorem 1) that (under natural
conditions) the optimally achievable decay rate of the approximation error for the
class E 2 (R2 ) is given by
k f − fN k22 ≍ N −2 ,

as N → ∞.
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As discussed before, in [5, 20, 24] rotation-based as well as shear-based systems
were constructed, which attain this rate up to a log-factor. Since these systems are
instances of parabolic molecules with consistent parametrizations, their similar approximation behavior is no coincidence, as we will see in the next result.
Theorem 9 ([17]). Assume that (mλ )λ ∈Λ is a system of parabolic molecules of order (R, M, N1 , N2 ) with respect to the parametrization (Λ , ΦΛ ) such that
(i) (mλ )λ ∈Λ constitutes a frame for L2 (R2 ),
(ii) (Λ , ΦΛ ) is k-admissible for every k > 2,
(iii) it holds that
R ≥ 6,

5
M > 9− ,
4

3
N1 ≥ 3 + ,
4

N2 ≥ 6.

Then the frame (mλ )λ ∈Λ possesses an almost best N-term approximation rate of
order N −1+ε , ε > 0 arbitrary, for the cartoon image class E 2 (R2 ).
We remark that condition (ii) holds in particular for the shearlet parametrization.
Hence this result allows a simple derivation of the results in [20, 24] from [5]. In
fact, Theorem 9 provides a systematic way to, in particular, prove results on sparse
approximation of cartoon-like functions. It moreover enables us to provide a very
general class of systems of parabolic molecules which optimally sparsely approximate cartoon-like functions by using the known result for curvelets.

7 Outlook and Further Generalizations
Finally, we discuss some possible extensions and directions for future research.
• Higher Dimensional Setting. A general framework such as parabolic molecules
would also be of benefit for higher dimensional functions, in particular for the
3-dimensional setting which then includes videos with time as third dimension.
The model of cartoon-like functions was already extended to this situation in
[26]. Then, in [12], a general framework of parabolic molecules for functions
in L2 (R3 ) was introduced allowing, in particular, a similar result on the crossGramian of two systems of 3D parabolic molecules. We expect that the 3D framework now indicates a natural extension to higher dimensional settings.
• General Scaling Matrix. Another key question concerns the inclusion of other
types of scaling laws: Can the framework of parabolic molecules be extended to
also include, in particular, wavelets and ridgelets as well as newer hybrid constructions such as [26] or [23]? In the parabolic molecule framework the degree
of anisotropic scaling is confined to parabolic scaling, but one approach to cover
more scaling laws consists in the introduction of a parameter α ∈ [0, 1], which
measures the degree of anisotropy. More precisely, one then considers scaling
matrices of the type diag(a, aα ) for α ∈ [0, 1], α = 0 corresponding to ridgelets,
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α = 12 to curvelets and shearlets, and α = 1 to wavelets. First results using this
approach to introduce an extension of parabolic molecules coined α -molecules
have been derived in [18].
• Continuum Setting. It would be highly desirable to also introduce such a framework for the continuum setting, i.e., with continuous parameter sets, adapted to
the continuous shearlet and curvelet transform [6, 25, 14]. This would, for instance, allow the transfer of characterization results of microlocal smoothness
spaces between different representation systems.
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