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ASYMPTOTIC ANALYSIS

Series 1

1. Show:

a) tan(z) = x + o(z?) for x — 0 without using the Taylor series for tan(z)

b) €@ =1+ o(x) for z — 0 without any condition on the smoothess of o(x) in =

c) o(f(x)g(x)) = f(x)o(g(x)) forz — wg

2. Prove or disprove:

(f=0(g9),g=0(f) forx — xg) = (AK #0: f ~ Kgforz — xg)

3. Order the following functions in an asymptotic sequence for ¢ — 0:

€2, \/H, log

1 1 1 1 1
logm‘ ,1,+/]e|log E,elog E,log Ek £[32, % log T

4. a) Givenv; € C,v; # 0 such that we have the asymptotic expansion

of v¢ for ¢ — 0. Show that, for any NV € N and any C' < 1, that there exists a
constant €y ¢ such that, for any ¢ < ey ¢,

HU&N—H o ,UaH < C Hva,N . va” (1)

b) Given the expansion

t [e’e]

0 -t
dt = S (—1)nlentt
/0 1+1¢ ;( )nle

Specify the constant ey ¢ such that (1) holds.

See next page!



5. a) Consider the solution of the two boundary value problem

)

eul (z) + ul(z) = —sin(z), 0<z<m,
u:(0) = us(mw) = 0.

For a given x € (0, 7), make a Taylor expansion of the solution with respect to
e. Show then that the j-th term of the expansion u; . does not depend on ¢ (hint:
show that for exp(—xe~!) is o(e"), for any n € N.

Show that the approximation

N

e,N __ j

u —E el
=0

is not convergent in H'(0, ) (hint: prove that the H' semi-norm of w. is not
bounded, but the H' of u5" is).

b) Show that there exists a family @, . such that the approximation

N
i = e,
j=0

is convergent and is an asymptotic expansion in H'(0, 7).

c) Show that the previous approximation is NOT convergent when ¢ is large enough.

To be handed in by: May 12th, 2016 (2.15 pm, before lecture starts)

This exercise series will be discussed in the tutorial class on May 18th, 2016, 2:15 p.m.

There will be no tutorial class on May 4th. Instead there will be a voluntary consul-
tation in MA 376 starting at 2:15 p.m.
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