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N UMERICS OF PARTIAL DIFFERENTIAL EQUATIONS
Series 1
1. Classification of second-order, linear partial differential equations
a) Using the definitions introduced in the lecture, show that the heat transfer equation is parabolic and
that the wave equation is hyperbolic.
b) Consider the second-order, linear partial differential equation
−uxx − yuyy = f
in Ω = (−1, 1)2 . Discuss the type of the equation for different (x, y) ∈ Ω.

2. Physical interpretation of Robin boundary conditions
Let us consider the homogeneous, isotropic heat transfer equation
∂t u − ∆u = 0
with Robin boundary condition
∇u · n + αu = β,
where n denotes the outward unit normal.
Which sign needs α to have to be compatible with thermodynamics (and common sense)?

3. Well-posedness of partial differential equations
Let Ω = (−1, 1) × (0, 1). We consider the initial boundary value problem
ut − uxx = 0,

in Ω,

(1a)

u(±1, t) = 0,

for 0 ≤ t ≤ 1,

(1b)

for − 1 ≤ x ≤ 1, n ∈ N.

(1c)

u(x, 0) = sin(nπx),

a) Give the analytical solution u(x, t) for general n ∈ N.
Hint: Use separation of variables, i.e. u(x, t) = u1 (x) · u2 (t).
b) Consider the problem: Find u(x, 1) for initial data u(x, 0) = sin(nπx), n ∈ N. Is this problem
well posed with respect to the L2 -norm in (−1, 1)?
c) Replace ut − uxx = 0 in (1a) by ut + uxx = 0 and redo a) and b).

See next page!

4. Time-harmonic Helmholtz equation in acoustics
Let Ω ⊂ Rd . We consider the linear Euler equations
∂t v(t, x) + grad p(t, x) = 0,
2

∂t p(t, x) + c div v(t, x) = 0,

t > 0, x ∈ Ω,
t > 0, x ∈ Ω,

for the velocity v(t, x) ∈ Rd and the pressure p(t, x) ∈ R in gases with the velocity of light c,
 and
look for time-harmonic solutions v̂(x) ∈ Cd and p̂(x) ∈ C with v(t, x) = Re v̂(x)e−iωt and
p(t, x) = Re p̂(x)e−iωt . Derive an equation for the time-harmonic pressure p̂ only.
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