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NUMERICS OF PARTIAL DIFFERENTIAL EQUATIONS

Series 6

1. Let Ω = {x ∈ R2 such that |x| < 1 and x2 > 0}. We consider the boundary segment Γ = {x ∈
∂Ω such that x2 = 0}. Recall that the Sobolev-Slobodeckij-norm of a function v ∈ H1/2(Γ) reads

‖v‖2H1/2(Γ) :=

∫
Γ

∫
Γ

|v(x)− v(y)|2

|x− y|2
dS(x)dS(y).

a) Show that the function

g1 : Γ 7−→ R, g1(x) :=

{
1, if x1 > 0 ,

0, if x1 < 0 ,

does not belong to H1/2(Γ).

b) Show that the function

g2 : Γ 7−→ R, g2(x) :=
√
|x|

belongs to H1/2(Γ) but not to H1(Γ).
Hint: Instead of showing that ‖g2‖H1/2(Γ) is bounded you may use the fact that g2 is the restriction

of h : Ω→ R, x 7→
√
|x| to Γ and prove that h ∈ H1(Ω).

2. Let Ω ⊂ Rd be a bounded open Lipschitz domain. Give a Sobolev space V for which the trace operator
Ru = gradu · n defines a continuous mapping from V onto H−1/2(∂Ω).

3. Let W,V be reflexive Banach spaces, and Wn ⊂W , Vn ⊂ V discrete subspaces. Let b : W × V → R
be a bounded bilinear form satisfying the inf-sup conditions (IS1) and (IS2), and f ∈ V ′. Furthermore,
let u ∈ W solve b(u, v) = 〈f, v〉V ′×V for all v ∈ V , and let un ∈ Wn solve b(un, vn) = 〈f, vn〉V ′×V
for all vn ∈ Vn.

Prove the uniqueness of un and the stability estimate (2.20) in Theorem 2.29, i.e. show that un is unique
and satisfies

‖un‖W ≤
1

γn
‖f‖V ′

n
=

1

γn
sup

vn∈Vn

|f(vn)|
‖vn‖V

,

if b satisfies the discrete inf-sup condition

∃γn > 0 : inf
wn∈Wn\{0}

sup
vn∈Vn\{0}

|b(wn, vn)|
‖wn‖W ‖vn‖V

≥ γn. (DIS)

See next page!



4. Let V be a reflexive Banach space, and Vn ⊂ V a discrete subspace. Let b : V × V → R be a bounded
bilinear form and f ∈ V ′. Furthermore, let u ∈ V solve b(u, v) = 〈f, v〉V ′×V for all v ∈ V , and let
un ∈ Vn solve b(un, vn) = 〈f, vn〉V ′×V for all vn ∈ Vn.

Prove Céa’s lemma, i.e. show that

‖u− un‖V ≤
‖b‖V×V 7→R

γe
inf

vn∈Vn

‖u− vn‖V

if the bilinear form b is V -elliptic with ellipticity constant γe, cf. Theorem 2.31!

To be handed in by: November 24th, 2015, 10.15 a.m. (before lecture starts)

This exercise series will be discussed in the tutorial class on November 26th, 2015, 2.15 p.m. in A 052.

Coordinator: Dirk Klindworth, MA 365, 030/314-25192, klindworth@math.tu-berlin.de
Website: http://www.tu-berlin.de/?NumPDE


